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1 Motivation and Introduction

Central step when solving partial differential equations: approximate derivatives in space
and time. Focus here on spatial derivatives.

Finite difference approximation of (spatial) derivatives:
e Accuracy depends on order of approximation = number of grid points involved in the
computation (width of ‘stencil’)

e For higher accuracy use higher-order approximation
= use more points to calculate derivatives

e function is approximated locally by polynomials of increasing order

To get maximal order use all points in system
= approximate function globally by polynomials

More generally:

e approximate function by suitable global functions f(z)

o0

u() = Y upfi(x)

k=1
fr(x) need not be polynomials

e calculate derivative of fi.(z) analytically: exact
= error completely in expansion

Notes:

e For smooth functions the order of the approximation of the derivative is higher than
any power.

¢ high derivatives not problematic



a) | D)

Figure 1: a) finite differences: local approximation u = uq, us,...uy. Unknowns: values at
grid points. b) spectral: global approximation . Unknowns: Fourier amplitudes

Note: in pseudo-spectral methods again values at grid points used although expanded in a
set of global functions

Thus:

e Study approximation of functions by sets of other functions

e Impact of spectral approach on treatment of temporal evolution

We will use Fourier modes and Chebyshev polynomials.

Recommended books (for reference)

e Spectral Methods by C. Canuto, M.Y. Hussaini, A. Quarteroni, and T.A. Zang, Springer.
They have written three books. [1, 2, 3]. The two new ones are not expensive.

e Spectral Methods in MATLAB by L.N. Trefethen, STAM, ISBN 0898714656. Not ex-
pensive.

e Chebyshev and Fourier Spectral Methods by J.P. Boyd, Dover (2001). Available online
at htt p: / / ww+ per sonal . um ch. edu/ ~j pboyd/ BOOK_Spect ral 2000. ht M and
is also not expensive to buy.

1.1 Review of Linear Algebra

Motivation: Functions can be considered as vectors

— consider approximation of vectors by other vectors



Definition: V is a real (complex) vector space if for all u,v € V and all «, 5 € R(C)

au+pveV

Examples:
a) R* = {(x,y, 2)|z,y, 2 € R} is a real vector space
b) C™ is a complex vector space

¢) all continuous functions form a vector space:
af(x)+ Bg(x) is a continuous function if f(x) and g(z) are

d) The space V = {f(z)|continuous,0 < = < L, f(0) = a, f(L) = b} is only a vector space for
a=0=>b. Why?

Definition: For a vector space VV < -,- >: V x V — (' is called a scalar product or inner
product iff

<u,v> = <vu>"
<au+pPv,w> = o <u,w>+F<v,w >, a, e’
<u,u> > 0
<u,u>=0 & u=0.

Notes:

e < u,v > is often written as u™ - v with u™ denoting the transpose and complex conju-
gate of u.

e v is a column vector, ut is a row vector

Examples:
a)in R®: < u,v >= 3" wu; is a scalar product
b)in Ly = {f(z)| [ |f(2)[* dz < oo}

<uv> = /Oou*(x)v(x)dx

—0o
is a scalar product.

Notes:

e u(z) can be considered the “x — th component” of the abstract vector u.
o < u,u>= ||u|| defines a norm.
e scalar product satisfies Cauchy-Schwartz inequality

| <u, 0> [ < ul] [[o]]

(since the cosine of the angle between the vectors is smaller than 1)
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Definition: The set {vy, ..., vy} is called an orthonormal complete set (or basis) of V' if any
vector u € V' can be written as

N
u = E UK VE,
k=1
: + — _
with v, vy, = <V, >= 51]

Calculate the coefficients u;:

<vj,u>= Zuk <V, Vi >= Zukdkj = U,
k k

Example: projections in R?

u1vy =< vi,u > v is the projection of u onto v;.
Projections take one vector and transform it into another vector:

Definition: L : V — V is called a linear transformation iff

L(av + pw) = alLv+ [Lw
Definition: A linear transformation P : V' — V is called a projection iff
p? =P
Examples:

1. P, = N-'vvT with N = v' .- v is a projection onto v:

vh.u
Pu = v
vt.v
5 vt vh.ou vi.u
Pu=v v = Vv = FP,u
vt .v vt -v vt -v

Notes:

11



e v can be thought of as a column vector and v* a row vector
= vT .vis a scalar while v v™ is a projection operator

e v -u/v".vis the length of the projection of u onto v

2. Let {v;,i = 1..N} be a complete orthonormal set

u= Z(V,:r ‘v = (Z vivy) - u

k=1

thus we have
N
E vivy =1
k=1

i.e. the sum over all projections onto a complete set yields the identity transformation:
completeness of the set v

3. A linear transformation L can be represented by a matrix:

N
(Lu); =v; L Z UV = Z viLvju; = Z Liju;
J J

J=1

with
Lij = V;_LV]'

The identity transformation is given by the matrix
Iij = V;’_(Z VkV]:_)Vj = Z(glkak] = (51‘]'
k k

can write this also as

+
L = E V;_Vk . (V;_Vk,) (D
~—— ————
k
it"—component of v, cc of j—component of v,

Note: The matrix elements L;; depend on the choice of the basis

Getting back to functions: Vector spaces formed by functions often cannot be spanned by
a finite number of vectors, i.e. no finite set {vy,...,vy} suffices = need to consider se-
quences and series of vectors. We will not dwell on this sophistication.

2 Approximation of Functions by Fourier Series

Periodic boundary conditions are well suited to study phenomena that are not dominated
by boundaries. For periodic functions it is natural to attempt approximations by Fourier
series.

Consider the set of functions {¢.(r) = e**|k € N}. It forms a complete orthogonal set of
L2 [0, 271']

12



1. Orthogonal
2
¢]—: ' (bl =< ¢k7 ¢l >= / (eikx)*eil:p dr = 27T5lk
0

th

as before ¢** is the 2"*-component of ¢,

2. Complete:

for any u(x) € Ly[0, 27| there exist {ux|k € N}

lim ||u(z Z updr(z)||” =

N—oo
i.e.
2w N

lim lu(z) — Z upe™ 2 dr = 0

N—oo 0 Pt
with the Fourier components given by

1 2w ]
up =5 < o u>= 7 e~k (z) da

Note:

o Completeness >_r | viv;i = I (cf (1)) implies

hm Zgﬁk ) = lim Ze””:” =27 Z(Sm—m—l—%rl) (2)

N—oo
|k\ 0 |k|=0 l=—00

Definition: The spectral projection Pyu(z) of u(z) is defined as

Pyu(z Z ur (@
|k|=0
Thus,
Aimffu(z) - Pyu(z)|]* = 0.
Notes:

e Py is a projection, i.e. P2 = Py (see homework)

e Py projects u(x) onto the subspace of the lowest 2V + 1 Fourier modes

13



N
o [|Pyu(a)|* =21 32— lul:

||PNu(x)||2 = < Pyu, Pyu >
N N
= < Z updr(), Zulcbl(l") >
|k|=0 11|=0

= Zuiul < ¢k(x)7¢l<x) >
kl

= E uZul 2 5kl
kl

N
= 27 Z |ug]?.

|k|=0

e Parseval identity extends this to the limit N — oo :

[
2 _ 2 _ 1 2
lull? = Jim [[Pyull? = Jim 27 3 fuy
|k|=0
i.e. the Lo,—norm of a vector is given by the sum of the squares of its components for

any orthonormal complete set. Thus, as more components are included the retained
“energy” approaches the full energy.

Proof: we have
A}im ||u(z) — P]\/u(x)H2 =0

I

and want to conclude ||u(z)||> = limy_ || Pvu(z)]|?.

Consider

2
(lall = Tol)* =l * + [ol* = 2/ full]]v]]
< Ml + 1ol = 2] <w,v > |

using Schwartz inequality | < u,v > | < ||ul| ||v|| (projection is smaller than the whole

vector).
Now use 2| < u,v > | > 2Re(< u,v >) =< u,v > + < v,u > (note < u,v > is in general
complex).
Then
Hull2 = o] < JulP+ v~ < wv > — <v,u>=<u—v,u—v>= ||lu—0v|

Get Parseval identity with v = Pyu.

2.1 Convergence of Spectral Projection

Convergence of Fourier series depends strongly on the function to be approximated

14



The highest wavenumber needed to approximate a function well surely depends on the
number of “wiggles” of that function.

_ ﬂ |
\/Mc/ i

Definition: The total variation V(u) of a function u(x) on [0, 27] is defined as

n

V(u) = sup sup > Jula) — ulwiz)|

n O=zro<z1<...<xnpn=2m1 i—1
Notes:

e the supremum is defined as the lowest upper bound

e for supremum need only consider z; at extrema
Examples:

1. u(z) =sinz on [0, 27| has V(u) =4

y

2. variation of u(z) = sin 1 is unbounded on (0, 2r].

Results: One has for the spectral projection:

15



1. u(x) continuous, periodic and of bounded variation
= Pyu converges uniformly and pointwise to u:

lim max |u(x)— E eyl =0
N—oo z€[0,27]

Notes:

e example for uniform and non-uniform convergence:

a

consider u(zr) = 2

- on [1,2] lim,_o u(z) = 0 converges uniformly

a
max ‘—‘ =a—0
z€[1,2] 1T

|
\ I,l' Ad=0
|
\ LJI
e -
- ! X
| 2
- on (0,1) lim,_o u(z) = 0 converges but not uniformly
a ) a
max )—‘ = does not exist sup —‘ =0
ze(0,1) lx ze(0,1) ' T
/ =0
I’II
/
llll.fll‘l'/
-
!
P

a—

16



Thus:
uniform convergence of Fourier approximation = there is an upper bound for error
along the whole function (upper bound on global error).

2. u(z) of bounded variation
= Pyu converges pointwise to §(u"(z) +u~(x)) for any z € [0, 2] where at discontinu-
ities ut(x) = u(z £ ¢)
Note: even if u(x) is discontinuous Pyu(z) is always continuous for finite N

7
o o )
dtw |
2-. -y
U
"y
{ 7

(a)

Figure 2: The spectral approximation is continuous even if the function to be approximated
is discontinuous.

3. For u(x) € L, the projection Pyu converges in the mean,

[e.9]

lim lu(z) — Z orug|* dz =0
& k

N—oo [

but possibly u(zg) # Pyu(xg) at isolated values of z, i.e. pointwise convergence except
for possibly a “set of measure 0” (consisting of discontinuities and square-integrable
singularities)

4. u(z) continuous and periodic: Pyu need not necessarily converge for all = € [0, 27|
Note: What could go ‘wrong’? Are there functions that are periodic and continuous
but have unbounded variation?
consider u(z) = zsin < on [—1, 1] (note sin L is not defined at = = 0)

u(x) is continuous: lim, o zsini =0
u(x) is periodic on [—1, 1]
1

u(x) not differentiable at z = 0: v/(z) = sin< — L cos 1

17



Decay Rate of Coefficients:

The error |[u — Pyul| = 37y |ux|? is determined by uy for |k| > N (cf. Parseval identity).
Question: how fast does the error decrease as N is increased?

= consider vy, for £ — oo

2T
2rup = < ¢k, u >:/ e~k (z) da
0

v ke or U ik du
= 3¢ u(z)|g k/o e dx
_ ﬁ - Y ﬁ du
= k(u(27r ) —u(07)) k < qbk,—dx >
i d—1u d—1u i d"u
- 207 — + 1 r—1 r o -1 T N\T
) a0 e (O (G| - | ) e <o

Use Cauchy-Schwarz | < ¢y, £ > | < ||¢x|| || £%]| as long as ||24|| < oo (using ||¢x|| = V27):

1., (du
<E> (dm’”_l

1 1
< |— =) — (0t —
lug] < Sk (u(27r ) —u(0 ))‘ + ...+ o=

4
_ dart

)' 3|

2

Thus:

e for non-periodic functions
1 _
ol = O (Flu2r) = a0

e for C>°—functions whose derivatives are all periodic iterate integration by parts indef-
initely:

lug| < for any r € N.

L L
v 2mkT dxr

Decay in k faster than any power law. One can show that

Up ~ eIkl

with 2a being given by the strip of analyticity of u(z) when extended to the complex
plane (cf. Boyd, theorem 5, p.45).

Example:

With z = z + iy consider u(z) = tanh (¢ sin z) along the imaginary axis:

sinh ({isinhy) 4 sin ({sinhy)
cosh (&isinhy) — cos (£sinhy)

tanh (¢ sindy) =

has a ﬁrst singularity at y* with {sinh y* = £17. Strip of analyticity has width 2a =
yT —y~ ~ . The steeper u(z) at x = 0 the narrower the strip of analyticity and the
slower the Elecay of the Fourier coefficients.

18



e Cauchy-Schwarz estimate too soft: iteration possible as long as

' d"u
< ¢k7 _— > < o0
dx”
(e. § d Y ¢ [, see e.g. Benedetto: Real Analysis):
Thus l
24 periodic for 0 <1 <7 —2
1
dm’ €L1 juk_o(kr)
Note:

7"

e only 4 o= has to be periodic because boundary contribution of — —u i of the same

Examples:

1. u(z) = (x — m)?is C* in (0, 27), but derivative is not periodic:

1 27 ] 9
Uk = 5o i e (z —m)dr = —

origin for only quadratic decay are the boundary terms:

. 2w 2m
t —ikx du 11 ! - 10+ 11 —ikx, I 2
S g = = — (W (2n7) — ' (0) + — — dr = =
Y=o 0= g ) mw0T) + ot | e T @)dr = 4
since u/(277) = 27 = —/(0%) and [" e ** 0" (z)dx = 0.

2. u(r) =22 —0(x — ) ((x — 27)? — 2%) should be similar:
periodic, but discontinuity of derivative
1%t derivative has jump, 2"¢ derivative has a J—function, 3"¢ derivative involves the
derivative of the J-function: (¢, d'(z)) = O(k).

Estimate Convergence Rate of Spectral Approximation

Consider approximation for u(z)

Ll -
Ex =llu—Pyull>= )l = Y luf® oo FERNS Z ] [

|k|>N |k|>N |k|>N

If ; v exists and is square-integrable then the sum converges and is bounded by the norm

2.
[ )
S ol < D [ =

|k|>N Ik|=0

| dx”

19



Thus:

[l — Pyull* < 1%

— N27" ||dl.r

For u(z) € C* with all derivatives periodic the inequality holds for any r

||lu — Pyul]* < inf H2 3)

N27"Hd r

Notes:
e The order of convergence depends on the smoothness of the function (highest square-
integrable derivative)

e For u(z) € C®: uy, ~ eI
= one gets convergence faster than any power: spectral or infinite-order accu-

racy:
2 2 —a(N+1) = Ca(N+1y L 2e7® —aN
lu— Pyul? = > ful* ~ 2 N (e ) =2 —— ==
|k|>N k=0 €

with 2o being the width of the strip of analyticity of u(x) when u(x) is continued ana-
lytically into the complex plane (cf. Trefethen Theorem 1c, p.30, Boyd theorem 5, p.45)

€5 E'v'\rur -
J s ,%d'u o (q Ci(_.l.’_t'.x.!&‘-y'

Spectral Approximation:

- convergence becomes faster with increasing N

— high-order convergence only for sufficiently large N
Finite-Difference Approximation:

— order of convergence fixed

20



e Effective exponent of convergence depends on N:
Note: in general

d’ .
I pi - |> — oo faster than exponentially for r — oo
x?”
- Example
dreiqm .
1= =gl

Thus, for simple complex exponential | | %e"q”” | | grows exponentially in r.

— For functions that are not given by a finite number of Fourier modes the norm
has to grow with r faster than exponentially:
show by contradiction

Ui

If x n*" then Ey x (N)Zr

[T
dx”
Can then pick a fixed N > n to get

inf EN =0
= approximation is exact for finite NV in contradiction to assumption..

Now consider

.. 1 du g, , d"u,
InEy <In (1rrlf N%derH ) :117}f (lanﬂH —2rlnN)

d"u||2 d"u |2
Il |

dx”

grows faster than exponential = In || grows faster than linearly for large r

— smal N /
— largeN /

I

= can pick N sufficiently large that for small » denominator N" grows faster in r

= error estimate decreases with r

for larger r the exponential N” does not grow fast enough

= error estimate grows with »

value of r at the minimum gives effective exponent for decrease in error in this regime
of N.

With increasing N the minimum in the error estimate (solid circle in the figure) is
shifted to larger r

= effective order of accuracy increases with NV :

21



Note:
Spectral approximation guaranteed to be superior to finite difference methods
only in highly accurate regime

Approximation of Derivatives
Given u(z) = > uie™*® the derivatives are given by

[e.e]

dtu _ Z(zk) uge’®

|k|=0

if the series for the derivative converges (again, convergence in the mean)
Note:

¢ not all square-integrable functions have square-integrable derivatives

do

e if series for u(z) converges uniformly then its 1% derivative still converges (possibly
not uniformly)

e convergence for 2 is a power of N9 slower than that for u since one can take only ¢
fewer derlvatlves of it than of u,

dxz?

d? ,
LA T
k

coefficients (ik)%u; decay more slowly than v, itself.
the estimate (3) gets weakened by

du d U 1 d"u
Py ||2 Is

<1nf o= 2q|| T for r > ¢

dx1

d"u drt

o, Le. W not square-mtegrable

2.2 The Gibbs Phenomenon

Consider convergence in more detail for u(x) piecewise continuous

PNU Z uke / Z —ikx’ +2km )d

|k|=0 |k|=0
Py can be written more compact using

N . 1
e SIL(N +3)s
Dy(s) = E elhs = —~ __ 27

sin(3s)



1

This identity can be shown by multiplying by the denominator
. l s _ 1 )8
2 — 2

(e s, igs) [e—iNs L oemiN=Ds _I_eiNs] — pi(N+)s _ =i+
Insert
1 ™ sin [(N + 1)(z — )]
Pyu(x = — u(a') da’
Nu(z) o sin [;(:)5 — /)] )
1 T sin(N + 1)t
~ 2T Jy—or St
use i=z—zx’

Use the completeness of the Fourier modes

Ze’ks—QW Z d(s + 2ml)

lim Dy(s
N—oo
|k|=0 l=—0

= for large N the sum Dy (s) is negligible except near s = 27l, 1 = 0, £1, +2,

S & VX

Sum 3 X
(\ /-\\u/'\\- = |
V] ¥
Assume u(z) is discontinuous at x
u(rg) = u’

u(rg) = u”

Consider in particular points close to the discontinuity

+ — A <1
T =X _ _
0 N‘l—%, N‘l‘% 9

and use that Dy(t) decays rapidly away from ¢t = 0
Ax 1 [€sin(N+ )t Ax
o)~ / 72u(xo+N+l—t)dt

Pyu(ro + —7) ~ = -
wu(zo N +3 2T J_. sm%t
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Approximate u(z) in the integrand by «* and u~, respectively,

Ax
Ax 1 N1 sin(N + ) 1
P — )~ —u" P20t —
Nu(x0+N+l) 27Tu /;E %t +27Tu

2

Now write s = (N + 1)t and consider N — oo for fixed e

/M sin s J /M sin s
S —
—(N+%)e S —o S

0 : Ax
- / L P / 20 ds
o S 0 s
= g + Si(Ax)
with Si(z) the sine integral and lim, ., Si(z) = 7/2.
Similarly:
e(N+1) 0o -+
/ 2/ gin s Is — sin s s
Ax S Ax S
00 1 0 _:
_ 1/ Smsds+/ smsds
2 —00 S Axr S
- g — Si(Ax)
Thus A ) )
Prnu(xy + I f%) ~ §(u+ +u)+ ;Sz’(Aw)(qu —u")

-

Note:
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e Maximal overshoot is 9% of the jump (independent of V)

)= ut = (ut — o) (%Si(ﬂ) _ 1) — (u =) 0.09

Pyu(zg + 5

m
1
N+1
e Location of overshoot at xy + ~iT converges to jump position z,. Everywhere else
2
series converges pointwise to u(x)

e the maximal error does not decrease: convergence is not uniform in x; but convergence
in the Ly-norm, since area between Pyu and u goes to 0.

e Smooth oscillation can indicate severe problem: unresolved discontinuity.
To capture true discontinuity finite differences may be better.

e Smooth step (e.g. tanh z/¢):
as long as step is not resolved expect behavior like for discontinuous function
slow convergence and Gibbs overshoot (==HW), only when enough modes are retained
to resolve the step the exponential convergence will set in.

2.3 Discrete Fourier Transformation

We had continuous Fourier transformation

oo
u(x) = Z ek,

|k|=0
with Lo
Uk = oo i e~k (x)da
Consider evolution equation

Our goal was to do the time-integration completely in Fourier space since our variables are
the Fouriermodes = need Fourier components Fj,

Consider linear PDE:

o F(u,2Z)=0%

xT

ou  Ju
ot 022
Insert Fourier expansion and project onto ¢;, = ¢**
du
T = K

Consider nonlinear PDEs:
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e Polynomial: F(u) = u?

. 1 . . . -
Fk — % /u(x)ge ikx d{lj’ — % dxe ikx E 6zk1xuk1 E ezk:qukQ § 6zk3xuk3
k1 ko k3
= E E Uy Ukg Uk — k1 —ko

k1 ke

convolution requires N? multiplication of three numbers, compared to a single such
multiplication
for r*" —order polynomial need N"~'operations: slow!

e General nonlinearities, e.g.

coupled pendula

. 1 1
F(u) =sin(u) =1 — aug + §u5 + ...

Arrhenius law in chemical reactions

=0

arbitrarily high powers of u, cannot use convolution

Evaluate nonlinearities in real space:

need to transform efficiently between real space and Fourier space

Discrete Fourier transformation:
Question: will we loose spectral accuracy with only 2V grid points in integral?

trapezoidal rule $11111..111 with 2N collocation points

2r 2T
Ty = ﬁ% Ar = IN’ TaN = Zo
2N-1
Uy, = a N (56 k ou(zo) + ; e u(z;) + 56 g QNU(@N))
2N-1
L1 —ikx;

— - J .

—~ cp 2N 4 ‘ U(x])
for periodic u(x) 7=0

High wavenumbers:
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Calculate high wavenumber components

1 2Vl
- e iINERT pmima; u(z;)

7=0 e—imj

UN+m =

1 2N—-1
. +imj —imx;
= — E e e U\ ;
J=0

= U_N4m
e thus: ﬁN = ﬁ_N

e there are only 2N independent amplitudes
= limited range of relevant wave numbers: — N <k < N

+ —i* ﬁ t n
) 7 |. +—t
U« u &
Na |'~ o N N
{] [
N ‘
‘A ~
v Yy
) b
B 21 '\‘ln UAH

(|}

Figure 3: For a discrete spatial grid the Fourier space is periodic.
a) 1%¢ Brillouin zone, b) periodic representation of Fourier space.

e Fourier space is periodic < spatial grid is discrete rather than continuous
This is the converse of the Fourier spectrum becoming discrete when the real space is
made periodic (rather than infinite)

e Two possible treatments:

1. restrict — N < k < N — 1 (somewhat asymmetric)
in Matlab: (ﬁo, ’&1, ...'&N, ’l~L_N+1, ’l~L_N+2, ceny ﬂ_l)
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2. in these notes we set

i.e.
CN:C_N:2 and Cjzl for ]7£:|:N

Inverse Transformation

N
In(u(z;)) = Y ige™
k=—N

Orthogonality:

2N—-1

1 . 27 >
o i(l—k)on7
< ¢k> ¢l >N= —2N ]E_O e 2NT = E 5l—k,2Nm (4)

l—k=—00

Notation:
< .,. >y denotes the scalar product of functions defined only at NV discrete points z;

Figure 4: Cancellation of the Fourier modes in the sum. Here N =4and [ — k=1

Note:

o < ¢, ¢ >n# 0if k — [ is any multiple of 2V and not only for & = [ (cf. completeness

relation (2))
high wavenumbers are not necessarily perpendicular to low wavenumbers

Interpolation property

Consider /y(u) on the grid

N
Iv(u(z)) = > dpe*™
k=—N
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N 2N—-1

= k; 5 N o g e~ "*iy(x;)e™™  interchange sums to get J-function

1 2N—-1 2N 1
_ _ oi(r=N) 3% (1=3)
- 2N . u(xj) Z N Cron
jZO r=k+N=0

in the r-sum: for » = 2N we have ") —im(l—j)

= using (4) the sum adds up to 2N§;;e~"~) (note that |l — j| < 2N)
Thus

5 and for r = 0 we have ¢ 2

2N—-1

In(u(z)) = =— Z u(z;) 2N6j, = u(zy).
Notes:

e On the grid z; the function u(x) is represented exactly by Iy (u(z));
no information lost on the grid

e In(u(x)) is often called Fourier interpolant.

2.3.1 Aliasing

For the discrete Fourier transform the function is defined only on the grid:
what happens to the high wavenumbers that cannot be represented on that grid?

Consider u(z) = ¢/"+2V)? with 0 < |r| < N.
Continuous Fourier transform: Pyu = 0 since the wavenumber is higher than V.

Discrete Fourier transform:
u(a;) = NI = 3T = e
On the grid u(x) looks like e"*:
In(u(z;) = €7 #0

u(z) is folded back into the 15 Brillouin zone.
Notes:

e highest wavenumber that is resolvable on the grid: |k| =

:I:zN—I’\r, — (_1)3'

e in CFT unresolved modes are set to 0

e in DFT unresolved modes modify the resolved modes: Aliasing
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Relation between CFT (u;) and DFT (4y) coefficients:

11 2N-—1
~ —ikx;
U= N Ze Tu(z;)
7=0
1 1 oo 2N-1
_ - = i(l—k) 2% j

The sum contains the aliasing terms from higher harmonics that are not represented on
the grid.

High wavenumbers look like low wavenumbers and contribute to low-k£ amplitudes

Error ||u — Iyul*:

N N 1 1 00
INU = Z ﬂkeikx = Z —Up + — Uk+2Nm eikx
k=N h—n | V=1
= Pyu+ Ryu
[lu—Inul|* = || u— Pyu - Ryu I N ||lu—Pyul[*+[| Ryul|”

all modes have x>~ all modes have x<v orthogonality

Interpolation error is larger than projection error.
Decay of coefficients:
if CFT coefficients decay exponentially, u; ~ e~ /¥, so will the DFT coefficients:

[e.e]

1 1

~ - —alk| | & 2 —alk+2Nm)| = —alk| |
Uy, ~ c e _|_c e ~ ~ c (& —'— 71_ “oaN fOI‘ k<<N
k k — " ) k Ck €
Im|= geometric series
Thus:

The asymptotic convergence properties of the DFT are essentially the same as those of the
CFT = homework assignment
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2.3.2 Differentiation

Main reason for spectral approach: derivatives

For CFT one has: projection and differentiation commute

d al .
k=—N

du Y du ik
PN(@) = Z(%)ke
k=—N
N

1 ik’ du . . .
_ T —tka’ 27 g ! _ikx 'b e
. o /6 o €T e using 1.0.p

1 _— .
_ Z — ik 6—zkx U(ZIZ’I)CZ[E, ezkx

For DFT interpolation and differentiation do not commaute:

du

) # x5

dx
i.e. %(I ~vu) does not give the exact values of j—z on the grid points.

Inu does not agree with u between grid points = its derivative does not agree with the
derivative of u on the grid points, but I N(j—;) does interpolate Z_Z'

;:‘5

X

du

Asymptotically, the errors of I, (7

) and of - Iy (u) are of the same order.

Implementation of Discrete Fourier Transformation
Steps for calculating derivatives at a given point:

i) Transform method
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1. calculate 7 from values at collocation points z;:

2N—-1

~ 1 —ikx;
Uy = N E e u(z;)
Jj=0
2. for r'"—derivative
d"u = (k)@
ik)'u
dx” g

3. back-transformation at collocation points

dr N

derN(U(«Tj)) = Z (ik)" tige™s

k=—N

Notes:

e seems to require O(N?) operations
compared to O(N) operations for finite differences

e for N = 2!3m5" .. DFT can be done in O(N In N) operations using fast Fourier trans-
form!

e for u real: 4, = 4*, = need to calculate only half the ,:
special FF'T that stores the real data in a complex array of half size
N independent variables: i and @y real, uy,...,ux_; complex

ii) Matrix multiplication method

4 I'v(u) is linear in u(z;) = can write it as matrix multiplication
dx J

N
dr | .
In(u(z;)) = E (ik)"tze™™  interchange sums

= 11
- (Z <ik>rﬁa€”“(”‘“)> u(@)
k

write in terms of vectors and matrix

(o) dr ™) (.
—u —Ix(w) = u™ ()
T
U($2N—1)
Then first derivative
u¥ = Du

1Tn matlab functions FFT and IFFT.
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with

Higher derivatives
u” = D"u

Notes:
e Dis 2N x 2N matrix (5, =0,...,2N — 1)
e D is anti-symmetric: D;; = —Dj;

e matrix multiplication is expensive: N? operations
but multiplication can be vectorized, i.e. different steps of multiplication/addition are
done simultaneously for different numbers in the matrix
Eigenvalues of Pseudo-Spectral Derivative:

Fourier modes with |k| < N — 1 are represented exactly
De** = ik e for k] < N -1

= plane waves ¢** must be eigenvectors with eigenvalues

Ap = ik = 0,14, 423, ..., £(N — 1)i

D has 2N eigenvalues: one missing
trD=0= ), \; =0 = last eigenvalue \y =0

can see that also via: ¢/N3v/ = (—1)7 = ¢iN3xJ = eigenvalue must be independent of the
sign of N = Ay =0
Interpretation: consider PDE
Ju  Ou
ot o

Frequency w numerically determined by Du: w = )\,

Wlth u = 6iwt+ik:c

For |k| < N — 1 the solution is a traveling wave with direction of propagation given by sign
of k.

For k = =N one has u(z;) = (—1)’: does not define a direction of propagation = w = X\, = 0.

Note:
One gets a vanishing eigenvalue also using the transform method:

(~1) = iV 4 a_ye VET with iy =iy
thus ;
i ((=1)7) = iNaye™™ + (—=iN)a_ye ™" = 0.
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3 Fourier Methods for PDE: Continuous Time

Consider PDE
ou ou 0*u

The operator S(u) can be nonlinear

Two methods

1. Pseudo-spectral:
u= Inu

Spatial derivatives in Fourier space

Nonlinearities in real space

temporal evolution performed in real space or in Fourier space:

i.e. unknowns to be updated are the u(z;) in real space or the @, in Fourier space

2. Galerkin method
u = Pyu

completely in Fourier space: spatial derivatives, nonlinearities and temporal updating
are all done in Fourier space

3.1 Pseudo-spectral Method
Method involves the steps

. introduce collocation points z; and u(z,)

. transfrom numerical solution u(z;) = @ to Fourier space

1

2

3. evaluate derivatives using

4. transform back into real space and evaluate nonlinearities
5. evolve in time either in real space or in Fourier space

d
(W) = S (W)

Note:

In(u) is not the spectral interpolant of the exact solution u since solving PDE induces errors:
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1. taking the spectral interpolant of the exact solution « yields

In (CZ ) = Iy (5(a)).

%]N( )=1In <%U)

the pseudospectral solution satisfies

I (1) = S(vta) # Iy (S(w)

since spatial derivative does not commute with I

Using

2. time-stepping introduces errors beyond the spectral approximation.
Examples:

1. Wave equation
8tu = 8$U

a) Using FFT
N

Orulw;) = Oy (ulwy)) = Y ikige™

k=—N
Note: 7, and the sum over £k (=back-transformation) are evaluated via two FFTs.
b) Using multiplication with spectral differentiation matrix D,

Ou(z;) g Dju(zy)

2. Variable coefficients
Oyu = c(x)0u
a)
Opu(x;) = c(x;) Ouly(ulx;))
multiply by wave speed in real space
b)
o) = c(2;) Y Djmu(@m).

3. Reaction-diffusion equation
O = 02u + f(u)
a) using FFT

Opu(a) = BIn(ulay)) + flulzy)) = = Y Kage™ + f(u(z;))

k=—N

b) matrix multiplication

Ou(z;) ZDJm w(Tym) + fu(z;)) with Dy(i)b = ZDlelm‘
I
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4. Burgers equation
ou = ul,u

1
= §8m(u2) in conservation form

consider both types of nonlinearities? aud,u + 50, (u?)

a)
N
au(z;)0Iy(u(x;)) = au(z;) Z ik Tyeti
k=—N
N
BOIn(uP(z))) =B > ikiine™™
k=—N
AR
Wy = gy Z e u?(x)
7=0
b)
u(wo)”
owu(z;) = au(r) Du+ D
U(~T2N—1)
Notes:

e spectral methods will lead to Gibbs oscillations near the shock

e pseudo-spectral methods: on the grid the oscillations may not be visible; may
need to plot function between grid points as well, but derivatives show oscilla-

tions
e all sums over Fourier modes % or grid points j should be done via FFT.

3.2 Galerkin Method

Equation solved completely in Fourier space

1. plug
N
u(x) = Z upe™
k=—N

into J,u = S(u)

2. project equation onto first 2NV Fourier modes (—N <[ < N)

1 27 ] 1 2T
Uy = — e Qpu(z) do

= —ilx
o7 /. T e " S(u(x)) dx

2Note: For smooth functions the two formulations are equivalent.Burgers equation develops shocks at
which the solution becomes discontinuous: formulations not equivalent, need to satisfy entropy condition,
which corresponds to adding a viscous term v9?u and letting v — 0.
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More generally, retaining N modes from a complete set of functions {¢.(x)}
N

u(r) = Z U dr()
k=1
< P, 0w > = < ¢, S(u) > for 1<I<N

< ¢, 0 —Su)> = 0
Residual (=error) 0,u — S(u) has to be orthogonal to all basis functions that were kept:
PN (8tPNu — S(PNU)) =0

optimal choice within the space of NV modes that is used in the expansion

Note: for Galerkin the integrals are calculated exactly either analytically or numerically
with sufficient resolution (number of grid points —oo)

Examples:

1. Variable-coefficient wave equation

Oyu = c(x) Opu

2w N
Oy, = / e "M e(x) Z ik upe™®dz
0 k=—N
N
= Z Coni Tkuy,
k=—N

2
Coe = / e =m0 (1) dx
0

Note: although equation is linear, there are O(N?) operations through variable coef-
ficient (C,,; is in general not diagonal).

2. Burgers equation
Opu = audyu + B0, (u?)

i(k+)a

oaudy,u = uk luy e’

i(k + 1) uguy e’ ikt

68:vu2 =

||| MZ ||| MZ

project onto e~ =integral gives 5k+l7m and Zl yields | = m — k
N

Ot = Y _ ic(m — k) + Brm) gt (5)

k=—N

Note: again O(N?) operations in each time step.
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Comparison:

e Nonlinear problems:
Galerkin: effort increases with degree of nonlinearity because of convolution
pseudo-spectral: effort mostly in transformation to and from Fourier space: FFT es-
sential

e Variable coefficients:
Galerkin requires matrix multiplication, pseudospectral only scalar multiplication

e error larger in pseudo-spectral, but same scaling of error with N

e Unresolved modes:
Pseudo-spectral has aliasing errors: unresolved modes spill into equations for re-
solved modes
Nonlinearities generate high-wavenumber modes: their aliasing can be removed by
taking more grid points (%—rule) or by phase shifts

e Grid effects:
pseudo-spectral method breaks the translation symmetry, can lead to pinning of fronts
Galerkin method does not break translation symmetry.

e Newton method for unstable fixed points or implicit time stepping:
quite clear for Galerkin code: (5) is simply a set of coupled ODEs, not so obvious to im-
plement for pseudo-spectral code, since back- and forth-transformations are needed.

4 Temporal Discretization

Consider
3tu = S(U)

Two possible goals:

1. interested in steady state: transient towards steady state not relevant
only spatial resolution relevant

2. initial-value problem: interested in complete evolution
temporal error has to be kept as small as spatial error

If transient evolution is relevant then spectral accuracy in space best exploited
if high temporal accuracy is obtained as well: seek high-order temporal schemes
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4.1 Review of Stability
Consider ODE
O = \u (6)

Definitions:

1. A scheme is stable if there are constants C, «, T', and ¢ such
[lu(®)]] < Ce|[u(0)]]
forall 0 <t <T,0< At < ¢. The constants C' and « have to be independent of At.
2. A scheme is absolutely stable if
[lu(t)|] < oo for all ¢.
Note:

e The concept of absolute stability is only useful for differential equations for which
the exact solution is bounded for all times.

e absolute stability closely related to Neumann stability
3. The region A of absolute stability is given by the region A the complex plane defined

by
A ={)\At € C|||u(t)|| bounded for all ¢}

Notes:

e for A\ € R the ODE (6) corresponds to a parabolic equation like d,u = d?u in Fourier
space

e for A € iR the ODE (6) corresponds to a hyperbolic equation like J,u = 0,u in Fourier
space

For a PDE one can think in terms of a system of ODEs coupled through differentiation
matrices,
omu = Lu
e.g. for O,u = J,u one has L = D.
Assume L can be diagonalized
SLS™ =A with A diagonal
Then
&Su = ASu

Thus:
Stability requires that all eigenvalues \ of L are in the region of absolute stability of the
scheme.

Note:
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e highest Fourier eigenvalues
- for simple wave equation: \,,,, = +i (N — 1)
— for diffusion equation: \,,,, = —N?
Side Remark: Stability condition after diagonalization in terms of Su,
[1Su(t)]| < Ce™||Su(0)]]

We need .
[u(t)]] < Ce[[u(0)]]

If S is unitary, i.e. if S~! = S*we have
[1Sal] = [[u]]

For Fourier modes spectral differentiation matrix is normal
D™D =DD™

= D can be diagonalized by unitary matrix

(Not the case for Chebyshev basis functions used later)

Thus: for Fourier method it is sufficient to consider scalar equation (6).

4.2 Adams-Bashforth Methods

Based on rewriting in terms of integral equation
tnt1
W = / P u(t))dt
tn

Explicit method: approximate F'(u) by polynomial that interpolates F'(u) over last | time
steps® and extrapolate to the interval [t,, ¢, 1].

AR an[mpe’(wﬁt

; __\____/\\____ﬂ_‘\ P

{h-ﬂ__ ’Q_

Figure 5: Adams-Bashforth methods interpolate F(u) over the interval [t,,_;,t,] and then
extrapolate to the interval [t,,, ¢, 11].

3Figure has wrong label for first grid point.
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Consider
Oru = F(u)
AB1: W't = w4 ALF(u™)
AB2:  u™t! — un 4 At <gF(u") _ %F(u"‘l))

Note:
e AB1 identical to forward Euler

Stability:
Consider F(u) = Auwith A € C
AB1:

z =1+ At
2[* = (1 + M A + XA
Stability limit given by |z|* = 1:
ABI1=FE: (1+MA0)+MNA2P=1
To plot stability limit parametrize » = ¢ and plot A At = (\,(6) +i)\;(0))At
AB1:

ANAt=2—-1

AB2:
A = S
27 22

Adams-Bashforth
15 ‘ ‘ ‘ ‘ |

0.5
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Notes:

e AB1=FE and AB2 are not absolutely stable for purely dispersive equations \, = 0
e AB3 and AB4 are absolutely stable even for dispersive equations A\, = 0

e AB1 and AB2: the stability limit is tangential to A\, = 0: for A\, = 0 exponential growth
rate goes to 0 for At — 0 at fixed number of modes (i.e. fixed )\). For fixed #,,,, we can
choose At small enough to limit the growth of solution.

ABl:  for\, = 0 2P =1+ \A¢

1 tmazx

2 = (L4 NAR)PEE < NAREE jeed  Af< OV

for simple wave equation one has then
At < O(N7?)
i.e. AB1 is stable for ‘diffusive scaling’

1 1 1
AB2:  for ) = 0 z=1+iNAt- §>\?At2 + ZA?AF’ — gA;*At‘*

1
A = 14+ AAr

tmc]ltw l)\{l At tmazx 4

|z| 2 < e At need At<<(’)()\i_%):(’)(]\f—§)

For simple wave equation one gets
At < O(N™2)

which is less stringent than AB1=FE.
The growth may be less of a problem for spectral methods since one would like to
balance the temporal error with the spatial error

At ~ o™

one may have to choose therefore quite small At just to achieve the desired accuracy,
independent of the stability condition.
But: growth rate is largest for largest wavenumbers k: high Fourier modes tend to
‘creep in’.
e Diffusion equation: FE stability limit for \; = 0 and \, = —k? < 0:
2 2 2
A k%, N2

max

At <

for central difference scheme
1 1/2r\> 5
At < A== =) ~—
S0 T (2N> RE
The scaling of stability limit is the same, but finite-difference scheme has slightly

larger prefactor, i.e. it has a slightly larger stability range. But it needs smaller Ax
to achieve the same spatial accuracy.
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Comment on Implementation

Consider
O = u + f(u)

Forward Euler
u"t = u" + At OPu" + At f(u”)

Want to evaluate derivative in Fourier space = FFT
1. If we do the temporal update in Fourier space
aptt = ay + At(=K*)ayp + At Fe(f(u™))

where F.(f(u)) is the k'"-mode of the Fourier transform of f(u")
After updating @;*" transform back to u"'(z;) and calculate f(u}*') for next Euler
step.

2. If we do the temporal update in real space
First transform back into real space and do time the step there

u;”'l = u? + At&i]]v(u) + At f(u]>

Note: the choice between these two types of updates is quite common, not only in
forward Euler.

4.3 Adams-Moulton-Methods

seek highly stable schemes: implicit scheme

— in the polynomial interpolation of F'(u) for the integral in
tn+l
W = / P, u(#'))dr )
tn

include ¢,,,1. This makes the scheme implicit.

Figure 6: Adams-Moulton methods interpolate F'(u) over the interval [t, .1, t,.1], Which
includes the new time step.
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Backwards Euler : u"tt = w4 AtF(u"t)
Crank-Nicholson : u"t = "+ %At (F(u™™) + F(u™))

1
3" order Adams-Moulton:  «"™' = "+ EAt (BF(u") + 8F(u") — F(u"™"))

Adams—Moulton

Note:

e Region of stability shrinks with increasing order
e Only backward Euler and Crank-Nicholson are unconditionally stable

e AM3 and higher have finite stability limit: we do not get a high-order unconditionally
stable schem with AM.

Implementation of Crank-Nicholson

Consider the wave equation
8tu = &Bu

1 n+1l __ } n
<1 iAtﬁx) uttt = (1 + 2At0x) u

With matrix multiply method
1 n 1 n
El (1 — §AtD]l) Uu +1(5L’l) = El (1 + §AtDﬂ) u (SL’[)

would have to invert full matrix: slow
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With FFT or for Galerkin insert u(x) = Y, ¢**@; and project equation onto ¢;;: f027T dx e

1 1
(1 — 5Am‘/k:) aptt = (1 + iAtik‘) ay

1 .
/&n+1 _ 1 + iAt Zl’f /an
g 1—1IAtik "

Note:

e Since derivative operator is diagonal in Fourier space, inversion of operator on L.h.s.
is simple:
time-stepping in Fourier space yields explicit code although implicit scheme.
This is not possible for finite differences.

e With variable wave speed one would have

(1 — %At c(x) 896) u"t = (1 + %At c(x) 01,) u"

=FFT does not lead to diagonal form: wavenumbers of «(z) and of ¢(z) couple
=projection leads to convolution of ¢(z) and 9,u"™: expensive

e The scheme does not get more involved in higher dimensions
e.g. for diffusion equation in two dimensions

ou = Vu
one gets
H 1+ At(k2+12) H
That is to be compared with the case of finite differences where implicit schemes in

higher dimensions become much slower since the band width of the matrix becomes
large (O(N) in two dimensions, worse yet in higher dimensions).

Note:

e make scheme explicit by combining Adams-Moulton with Adams-Bashforth to predictor-
corrector
replace the unknown «"*! in the integrand of (7) of the AM-scheme by an estimate
based on AB, which can be lower order than the AM-scheme:

AB: predictor O(At"1)
= O(At")
AM: corrector O(At™)
each time step requires two evaluations of r.h.s =not worth if expensive

Advantage: scheme has same accuracy as AB of O(At") but greater range of stability
with same storage requirements
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4.4 Semi-Implicit Schemes

Often time step is limited by instabilities due to linear derivative terms but not due to
nonlinear terms:

Treat

e linear derivative terms implicitly

e nonlinear terms explicitly

Note: implicit treatment of nonlinear terms would require matrix inversion at each time
step

Example: Crank-Nicholson-Adams-Bashforth (CNAB)

Consider
O = 0*u + f(u)
u™t — " _182 n+1+182 n+§f< n+1)_1f( n)+0<At3>
At g%t %t ol g\
1 2 n+1 1 2 n 3 n+1 1 n
1—AtD? |u™ = [ 14 ZAtD? Ju™ + At | = f(u"7) — = f(u™)
2 2 2 2
3 Steps:

o FFT F of rh.s.
e divide by (1 + %Atlﬁ)

e do inverse FFT of r.h.s. :>u§?+1

. ~ 1 1 n 3y Lo
UjH:]: 1<W{<1_§Atk2) f(ui)—FAt}—(éf(ui)_if(ui 1))})

or written as

ntl 1 1 2 n 3 n n—1
" = i | (1 300 = + a1 (B - Sy )}

4.5 Runge-Kutta Methods

Runge-Kutta methods can be considered as approximations for the integral equation
tn+l
W = / P u(t))dt
tn
with approximation of /" based purely on times t' € [t,,, ;1]

46



Runge-Kutta 2:

trapezoidal rule for integral

t7L+1
/ F(t' u(t))dt = %At (F(tn,u") + F(tpsr,u"™)) + O(AE)
in

1

approximate u"*t! with forward Euler (its error contributes to the error in the overall

scheme at O(A#?).
Improved Euler method (Heun’s method)

]{31 = F(tn,u”)
ky = F(ta+At,u"+ Atk

1
u"tt = u" §At (ky + k) + O(A?)
Other version : mid-point rule = modified Euler:
n+1 n 1 n 1 n
u" =u" 4+ AtF t+§At,u +§AtF(tn,u)
Note:

e Runge-Kutta methods of a given order are not unique (usually free parameters)

General Runge-Kutta scheme:

n+1

U = u"+AtZ%Fl

=0
FQ = F(tn,u")

l
F = F(tn+aAtu" + ALY BnF,)  1<1<s

m=0

Notes:

e Scheme has s + 1 stages

e F(u)is evaluated at intermediate times ¢, + o;At and at suitably chosen intermediate
values of the function .

e For 3, # 0 scheme is implicit

e Coefficients «y, G, 7, determined by requiring highest order of accuracy:
in general this does not determine the coefficients uniquely
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Runge-Kutta 4
corresponds to Simpson’s rule (3 (14 1))
k’l = F (tn, u")

1 1

1 1
ks = Flta+ 5ALU" + SALK)
ki = F(t,+ At,u"+ At ks)
1
W= S A (ko 2+ 2k o+ Ra) + O(A)

Note:

e to push the error to O(At®) the middle term in Simpson’s rule has to be split up into
two different terms.

Runge-Kutta

-5 -4 -3 -2 -1 0 1 2

Notes:

e stability regions expand with increasing order

e RK4 covers parts of imaginary and of real axis: suited for parabolic and hyperbolic
problems
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4.6 Operator Splitting

For linear wave equation or diffusion equation we have exact solution in Fourier space,
o = O%u = @ = i, (0) e *
Can we make use of that for more general problems?
For finite differences we discussed
Oyu = (Ly + Lo)u
solution approximated as
n+l _ (LitL2)At,n
= ehbdlelBlyn 1 O(AL?)
this corresponds to
ou = Lou and then ou = Liu
alternating integration of each equation for a full time step At
Apply to reaction-diffusion equation
ou = OPu+ f(u)
Liu ~ d*u Lou ~ f(u)
Treat L,u in real space, e.g. forward Euler
u*(z;) = u"(z;) + At f(u"(z;))

Treat L,u in Fourier space

it = e A exact!!
Written together:
= A (uf o+ At fi(uf))
Notes:

e could use any other suitable time-stepping scheme for nonlinear term: higher-order
would be better

e But: operator splitting error arises.
Could improve

1 1
(L1+L2)At n LlAteLzAte2L1Atun _|_ O(At?))

€ u =e2

If intermediate values need not be available the %At—steps can be combined:
1 1 1 1
uTL—‘rQ — €2L1At€L2At62L1Ate2L1At€L2At€2L1AtuTL + O(At3) —

1

1
62L1At6L2At6L1At6L2At62L1Atun _|_ O(At?))

approximate e”22! by second-order scheme (rather than forward Euler) to get over-all
error of O(At3).

e time-stepping is done in real space and in Fourier space

e to get higher order one would have to push the operator splitting error to higher order.
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4.7 Exponential Time Differencing and Integrating Factor Scheme

Can we avoid the operator-splitting error altogether?
Consider again reaction-diffusion equation

O = 02u + f(u)
without reaction the equation can be integrated exactly in Fourier space

ut = AL n
Go to Fourier space (‘Galerkin style’)

Oy, = —k*up + fr(u) (8)

Here fi(u) is k—component of Fourier transform of nonlinear term f(u)

To assess a good approach to solve (8) it is good to consider simpler problem yet:

Ou = Au+ F(t) (9)

where u is the Fourier mode in question and F' plays the role of the coupling to the other
Fourier modes.

We are in particular interested in efficient ways to deal with the fast modes with large,
positive )\ because they set the stability limit:

1. If the overall solution evolves on the fast time scale set by )\, accuracy requires a time
step with |AA¢| < 1 and an explicit scheme should be adequate.

2. If the overall solution evolves on a slower time scale 7 > 1/|)\|, which is set by Fourier
modes with smaller wavenumber (i.e. F(t)evolves slowly in time) then one would like
to take time steps with |A\|At = O(1) or even larger without sacrificing accuracy, i.e.
one would like to be limited only by the condition At < 7.
In particular, for F' = const. one would like to obtain the exact solution u2°, ., = —F/\
with large time steps.

Use integrating factor to rewrite (9) as
O (ue ™) = e MF(t)
which is equivalent to
At
un—i—l — e)\Atun 4 e)\At/ e—)\t F(t +t/)dt/.
0
Need to approximate integral. To leading order it is tempting to write
un-i—l — eAAtun 4 e)\AtAtF<t).

This yields the forward Euler implementation of the integrating-factor scheme.
For F' = const. this yields the fixed point

ufy (1— ) = Ate* F.

But:
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e for —A\At > 1 one has u$}. — 0 independent of F' and definitely not u%. — 2, ., =
—F/\. To get a good approximation of the correct fixed point 29, ., one therefore still
needs |\|At < 1!

Note:
e even for simple forward Euler fixed point (¢"*! = u") would be obtained exactly for
large At (disregarding stability)
u"t = u" + At (MW" + F)
Problem: Even if F evolves slowly, for large A\ the integrand still evolves quickly over the

integration interval: to assume the integrand is constant is a poor approximation.

Instead: assume only F is evolving slowly and integrate the exponential explicitly

1
untl = Mty AR Y S (1— e 2

This yields the forward Euler implementation of the exponential time differencing scheme,

+1 AAL A e — 1
= " t F(t,
u et + ( )< AT )

Notes:

e now, for F' = const and —\At — oo one gets the exact solution u%,, — —F/\.

e for |A\|At < 1 one gets back the usual forward Euler scheme (¢*2! — 1)/AA — 1.

For the nonlinear diffusion equation one gets for ETDFE

1 k2 At 1— ek
UZ+ =e UZ + At Fk(Ul(t)) W

where in general I (v (t)) depends on all Fourier modes wy.

For higher-order accuracy in time use better approximations for the integral (see Cox &
Matthews, J. Comp. Physics 176 (2002) 430, and Kassam & Trefethen, SIAM J. Sci. Com-
put. 26 (2005) 1214, for a detailed discussion of various schemes and quantitative compar-
isons for ODEs and PDEs. The latter paper includes two matlab programs for Fourier and
Chebyshev spectral implementations).

The 4"-order Runge-Kutta version reads (using ¢ = A\At)
uy = up By + At Fp(u”,t,) Ey
ug = up By + At Fp(uy,t, + %At) By
use = U By + At <2F,.C (ug, tn + %At) — F (u”, tn)) Es
uptt = wlE} +At-G
G = Fy(u"t,) Es+2 (Fk <u1,tn + %At) + I, <u2,tn + %At)) Ey+ (10)

+Fk (113, tn + At) E5

51



with

e/?2 — 1

Ei(c) = e? Ey(c) =
—4 —c+ e (4 —3c+ )

E3(c) = =
24c+e(—=2+c¢)
E4(C) = 3
—4—3c—c+e(4—c)
E5(C) = 03

For |c| < 0.2 the factors Es,5(c) can become quite inaccurate due to cancellations:

1 1 1 1
E5(C):c_3<_4_36_62+<1+C+§Cz+603+”') (4—0)) :6+O(C)

For small values of c it is therefore better to replace E;, 5 by their Taylor expansions

By(e) = 1+lc+i02+ic3+ic4+ 1 e 1 cﬁ+#c7
2 T8 48" T 384° T 3340° T 460807 T 6451200 ' 10321920

Ey(c) = % + %C * %Cz * 4_1503 * 1050804 im0 51;4006 * 56;0007

Ey(c) = % + 1_120 + 4%02 + %03 T 6712005 * 51;4006 * 453160007

EBs(e) = % Fle= %002 - %Cg - 1618064 - 10(1)8005 N 72;7666 - mg

Alternatively, one can evaluate the coefficients via complex integration using the Cauchy
integral formula [7]

foy = 4 SO g (11)

Comi Jo t—z
if f(z) is analytic inside C which encloses z. Since the singularities of E;(c) at ¢ = 0 are

removable and since C can be chosen to remain a finite distance away from ¢ = 0 the
Cauchy integral formula (11) can be used to evaluate E;(c) even in the vicinity of ¢ = 0.

Note:

e diffusion and any other linear terms retained in the eigenvalue ) of the linear operator
are treated exactly

e no instability arises from the linear terms for any At : unconditionally stable

e to evaluate F(uy, t, + $At):

inverse FFT insert into FFT 1
U1k _ en _ F(uy, t, + §At) D Fr(ug, t, + §At)

e if the PDE involves multiple components (e.g. v and v in a two-component reaction-
diffusion system) at each stage of the RK4-scheme one needs to determine the analo-
gous quantities u;, and v;, with i = 1,2, 3 in parallel, i.e. one needs to determine both
u1; and vy, before one can proceed to uy;, and vy, ete.
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e large wave numbers are strongly damped, as they should be (this is also true for
operator splitting)
compare with Crank-Nicholson (in CNAB, say)

un-i—l — 1 - %At kz un
YN
for large kAt
n 4 n

which exhibits oscillatory behavior and slow decay.
Note that backward Euler also damps high-wavenumber oscillations, but it is only

first order .

n+l __ n 1 n

Note:

e some comments on the 4th-order integrating factor scheme are in Appendix B.

4.8 Filtering

In some problems it is not (yet) possible to resolve all scales

e shock formation (cf. Burgers equation last quarter)

e fluid flow at high Reynolds numbers (turbulence): energy is pumped in at low wavenum-
bers (e.g. by motion of the large-scale walls), but only very high wavenumbers experi-
ence significant damping, since for low viscosity high shear is needed to have signifi-
cant damping.

In these cases aliasing and Gibbs oscillations can lead to problems.
Aliasing and Nonlinearities
Nonlinearities generate high wavenumbers

N N

u(x)2: 2 : ulukez(k-l—l):c
I=—N k=—N

p-th order polynomial generates wavenumbers up to =p/N. On the grid of 2N points not all
wavenumbers can be represented = Fourier interpolant /y(u(x)) keeps only +N: higher
wavenumber aliased into that range.

Example:
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on grid z; = Z1j with only 2 grid points per wavelength * with ¢ = N

2 :
u(x;) = cosqr; = cos N%j = cos(mj) = (=1)’

u(z;)? = cos® qr; = (+1)7 =1 cos® qz; is aliased to a constant on that grid

Note: in a linear equation no aliasing arises during the simulation since no high wavenum-
bers are generated (aliasing only initially when initial condition is reduced to the discrete
spatial grid)

Aliasing can lead to spectral blocking:

If dissipation occurs essentially only at the very high unresolved wavenumbers:

e dissipation is missing
e aliased high wavenumbers feed energy into the lower, weakly damped wavenumbers

e energy piles up most noticeably at the high-end of the resolved spectrum (|| = N)
because there the correct energy is smallest (relative error largest)

e pile up can lead to instability

|spectral
|blocking

|
|
|
|
|
\

0 wavenumber k n/h '
(from J.P. Boyd Chebyshev and Fourier Spectral Meth-

ods, p. 2107)

If resolution cannot be increased to the extent that high wavenumbers are resolved, im-
provement can be obtained by filtering out those wavenumbers that would be aliased into
the lower spectrum.

Quadratic nonlinearities lead to doubling of wavenumbers:

The interval [—¢naz, @maz] 1S mapped into [—2¢az, 2¢max)

[_Qmaxa Qmaa:] - [_2Qmaa:7 2Qmaa:]
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Require that the mapped wavenumber interval does not alias into the original wavenumber
interval
2Qmax — 2N S —Gmax

i.e. require
2
max S _N
4 3
More generally: for p'"-order nonlinearity choose
p+1
maxr — —N
4 2
Algorithm:

2. take derivatives
3. filter out high wavenumbers: @, = 0 for [k| > ZHN
4

. inverse FFT: @, — u;; this function does not contain any ‘dangerous’ high wavenum-
bers any more

o

evaluate nonlinearities u; — u}

6. back to 1.

k = [-(4/3) K,-K]
(213) K k & [K.(4/3) K]

f\ \
FILTERED ) UNFILTERED

/

- (213)

(from J.P. Boyd Chebyshev
and Fourier Spectral Methods, p. 212)
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Orszag’s 2/3-rule:

For quadratic nonlinearity set the highest N/3 Fourier-modes to 0 in each time step just
before the back-transformation to the spatial grid:

e evaluating the quadratic nonlinearity (which is done in real space):

— the ‘good’ wavenumbers [0, 2N] contained in u(x) generate the wavenumbers [0, 3 N]
of which the interval [NV, 3 N] will be aliased into [~N, —2N] and therefore will
contaminate the highest N/3 modes (analogously for [0, —%N ).

~ the ‘bad’, highest N/3 modes [2N, N| generate wavenumbers [5 N, 2N] which are
aliased into [—%N ,0] and would contaminate the ‘good’ wavenumbers.

e setting the highest N/3 modes to 0 avoids contamination of good wavenumbers; no
need to worry about contaminating the high wavenumbers that later are set to 0
anyway.

Alternative view:

For a quadratic nonlinearity, to represent the wavenumbers [— N, N| without aliasing need
3. 2N grid points:

want 3N grid points for integrals = before transforming the Fourier modes [— N, N] back to
real space need to pad them with zeroes to the range [—%N , %N ]-

Thus: To avoid aliasing for quadratic nonlinearity need 3 grid points per wavelength

2 ) = COS(Q?TZ)

cos qr; = cos(N AN 3

Notes:

e for higher nonlinearities larger portions of the spectrum have to be set to 0.

¢ instead of step-function filter can use smooth filter, e.g.

1 |kl < ko (=3N)
F(k) = (12)
e~ (K" —lko|™) k| > ko

with n = 2, 4.

° %—rule (and the smooth version) makes the pseudo-spectral method more similar to
the projection of the Galerkin approach

e does not remedy the missing damping of high wavenumbers, but reduces the (incor-
rect) energy pumped into the weakly damped wave numbers.
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Gibbs Oscillations

Oscillations due to insufficient resolution can contaminate solution even away from the
sharp step/discontinuity: can be improved by smoothing

Approximate derivatives, since they are more sensitive to oscillations (function itself does
not show any oscillations on the grid)

N N
Opu=> Y ikige™  filter to > ik F(k) e

k=—N k=—N

with F(k) as in (12).

Note:

e result is different than simply reducing number of modes since the number of grid
points for the transformation is still high

e filter could also smooth away relevant oscillations = loose important features of solu-
tion
e.g. interaction of localized wave pulses: oscillatory tails of the pulses determine the
interaction between the pulses, smoothing would kill interaction

Notes:

e It is always better to resolve the solution

e Filtering and smoothing make no distinction between numerical artifacts and physi-
cal features

e Shocks would better be treated with adaptive grid
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5 Chebyshev Polynomials

Goal: approximate functions that are not periodic

5.1 Cosine Series and Chebyshev Expansion

Consider h(f)on 0 <6 <

:\
)

Then

[e.e]

g(0) = Z gre™? = Z gr(cos k8 + i sin k0)

k=—o00 k=—o00

Reflection symmetry: sin # drops out

g(0) = Z gr cos k) = ng cos k6
k=0

k=—00

with

Ik = Gk for k=0 9 = 20k for k>0

1 27 ) 1 T
g = — e *0g(0)do = — / cos kOg(0)do reflection symmetry

Write as

12 T 2 fOI‘ k=0

gk = —— cos k6 g(0)do with k=
TG Jo 1 for k >0
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This is the cosine transform.

Notes:

e Convergence of the cosine series depends on the odd derivatives at 6 =0 and 6 = =

o If % #0atf =0or 6 =7 then g, = O(k™?) even if function is perfectly smooth in

(0,7):
2 T .
g = — | coskBg(6)dd  ib.p
TCk Jo
21 . T 21 [ d .
= 71'—0,6%8111 kO g(0) . — ﬂ_—CkE/O sin k@@g(e)de i.b.p
2 1 d i 2 1 [7 d?
= e cos kQ@g(Q) ) — W—C/fﬁ/o cos k9ﬁ9(9)d9
boundary terms vanish for all £ only if
g(0)=0=g'(m)

Since cos km = (—1)* non-zero slopes at the endpoints cannot cancel for all k.
e in general, only odd derivatives of g() contribute to boundary terms:

1 d "
i €08 kO —q(0) for [ odd

Thus:

e for general boundary conditions Fourier (=cosine) series converges badly: Gibbs phe-
nomenon
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5.2 Chebyshev Expansion

To get the derivative of the function effectively to vanish at the boundaries stretch the
coordinates at the boundaries infinitely strongly. This can be achieved by parametrizing x
using the angle 0 on a circle:

Consider f(z)on -1 <z <1
Transform to 0 < 6 < 7 using = = cos b, g(0) = f(cos(f))
Function is now parametrized by 6 instead of x

Consider Fourier series for g()

g (0) = —f'(cosf)siné = % =0 atd=0,r

Generally: all odd derivatives of g(¢) vanish at 6 = 0 and 6 = 7.

Proof: cosf is even about § = 0 and about § = 7 = f(cosf) is also even about those points
= all odd derivatives vanish at § = 0, 7.

Thus: the convergence of the approximation to g(6) by a cosine-series does not depend on
the boundary conditions on f(z)

flx) = g¢g(0) = Z gr cos kO extension of g to 27 is even
k=0
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= ng cos(k arccos )
k=0

Introduce Chebyshev polynomials

Tr(x) = cos(k arccosx) = cos kb

fl@) = D fiTu(x)

Properties of Chebyshev Polynomials

e T,.(z) is a k'"—order polynomial
show recursively:

To(x) = 1 Ti(x)=x
Thi1(z) = cos((n+1)arccosx) = cos((n+1)0)

Trig identities:

cos ((n+1)8) = cosnfcosfh —sinnbsinf

cos((n—1)8) = cosnfcosf + sinnfsin 0
cancel sin nf sin 6 by adding and use cos(#) = T (x) = =,
Toi1(x) = 22T, (z) — Th—1(x)
Note: recursion relation useful for computation of 7,,(z)
e T,(z) even for n even, odd otherwise
o To(x) =3, a;a! = a; have alternating signs

e the expansion coefficients are given by

12 i
fe=gr=—— g(0) cos kO db
™ Ck 0
rewrite in terms of x:
1
§ = arccosz df = dz
V1—22
[ T
g _ €T T xr
g mCk J_1 g V1— 22

(2 k=0
“=Y1 k>0

e The convergence of f(z) in terms of Tj(x) is the same as that of g(f) in terms of the
cosine-series. In particular, boundary values are irrelevant (replace x by cos € in f(x))
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The Chebyshev polynomials are orthogonal in the weighted scalar product

1
1
<Ty 1T >= / Tk(l’)ﬂ(l’) dr = Ckg Okl

1 1—1‘2

The weight /1 — 22 ' is singular but

[ =
——dx
-1 1 — 1’2

is finite.

Derivatives of Tj(x) :

d
p is not diagonal for basis of T} (x)
T
d

o Lk(z) # ATi(z)
in particular: the order of the polynomial changes upon differentiation.
Considering £ cos(n & 1)0 one gets

d d do
%Tk:l:l = @ COS(]C + 1)‘9 %
1
= —(k£1)g (sinkbcost £ cos kf sin 0)
o

1 d 1 d 1
m%TkH(x) — T %Tk_l(x) = o3 (sin k6 cos 6 + cos k6 sin @ — sin k6 cos 6 + cos k6 sin 0)
thus L L
W(z) = —— — _ -
W) = g )~ T g e )

Thus: differentiation more difficult than for Fourier modes.

Zeroes of Ty, (z)

Tr(x) = cos(karccosx) = coskf
= Ty(x) has k zeroes in [—1, 1]
k6, = (21 — 1)% I=1,..k
20 -1
Ty = €08 — T

The zeroes cluster near the boundaries.
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Extrema of T} (x) (Chebyshev points)

kO, = I ] = coS Eﬂ' l=1,...k
Ti(w) = (=1)

Extrema are also clustered at boundary
Chebyshev polynomial look like a cosine-wave wrapped around a cylinder and viewed
from the side

Transformation to § = arccos = places more points close to boundary: small neighbor-
hood dz is blown up in df
1
sin

T = cosf df = — dz

d
= d9—>oofor9—>0,7rd—‘2—>0
all derivatives vanish at boundary: no Gibbs phenomenon for non-periodic functions

understanding of properties of functions often aided by knowing what eigenvalue
problem they solve: what is the eigenvalue problem that has the 7;(x) as solutions?

2

Ti(x) = cos k6 L cos k) = —k?* cos k)

db?
rewrite in terms of x = cos
d d d
= —q] _ = — —r2__
70 sin 6 I 1—=z I

thus T} (z) satisfies the Sturm-Liouville problem
V1-— x2% (\/1 - x2diTk(:c)) + K* T (2) =0
x
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with boundary conditions: 7} (z) bounded at x = +1

Note: Sturm-Liouville problem is singular: coefficient of highest derivative vanishes
at boundary = no boundary values specified but only boundedness

The singularity is the origin of hte good boundary resolution (no Gibbs). Fourier series
is solution of regular Sturm-Liouville problem

6 Chebyshev Approximation

Approximate f(x) on a < z < b using Chebyshev polynomials

Again depending on the evaluation of the integrals

e Galerkin expansion

e Pseudospectral expansion

6.1 Galerkin Approximation

with

Note:

e need to transform first from interval a« <t <bto —1 <z < +1 using
2t —(a+b)
b—a
Transformation to § = arccos z showed
up = O(k™") if wueC! (Oru € Ly)
i.e. if r'" derivative is still integrable (may be a §—function)
Show this directly in x:

TCL
—Uk

m ()T () dz

using k*Tj,(z) = —v1 — 2L (V1 — 22LT),)

T = i [ VTR (ﬁ ())dx:

+1

= —%u(m)\/l — 9:2% ﬁ du \/1 — x2 Tk( Ydx = since u(x) bounded
1 | du E d (du

— __ _ p2 _ _ p2

= {dx\/l 22Ty (x) 3 /_1 o (dxvl x ) Tk(x)dx}



Note:

even without the 2"¢ integration by parts it seems that u, = O(k~2)
= it seems that even for f%?j ¢ L, one gets u, = O(k™?)

But:

iTk(x) _ 4 cos(karccosz) = O(k)

dx dx

iforj—geLland%Q_le:

we = (5 7L Ti(#) = O(;)

Again, convergence of Chebyshev approximation can be shown to be
C
[1Pyvu(z) —u(@)]] < 5 llullg

with ||u|| being the usual L,—norm (with weight vT — 22 = and ||u| |, being the ¢ Sobolev
norm

du diu
2 _ 2, 14U aru g
2 = flel 2+ 1 P 115
For derivatives one gets

dvw d C
~ ||u — <~
||dx7" d,I'TPNuH HU‘ PNUHT - N%+q—27“

[lullg

Note:
e for each derivative the convergence decreases by two powers of /V; in Fourier expan-
sion each derivative lowered the convergence only by a single power in V.
e for C>°—functions one still has spectral accuracy, i.e. exponential convergence

e the estimate for the r'" derivative is not precisely for the derivative but for the »—Sobolev
norm (cf. [1] for details)

e rule of thumb: for each wavelength of a periodic function one needs at least 3 Cheby-
shev polynomials to get reasonable approximation.

6.2 Pseudo-Spectral Approximation

For Galerkin approximation the projection integral

Up = 2 u(cos 0) cos kOdb

7TC]<; 0

has to be calculated exactly (e.g. analytically)

For pseudospectral approximation calculate integral based on a finite number of collocation
points.

Strategy: find most accurate integration formula for the functions in question
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Here: u(cosf) is even in § = u(cos @) cos k6 has expansion in cos nf
= need to consider only cos nf when discussing integration method

Analytically we have
/ cosnfdf = 7o,
0

Similar to Fourier case: use trapezoidal rule

m Noo4ion 2 j=0,N
[owa=YoCh it =
0 j=0 < 1 otherwise
Show: Trapezoidal rule is exact for cosif, [ =0,...,2N — 1
1.1=0
al I o T T T
df = — = 4+ (N—-1)— + —
/ ;g(N)Ny v TN Uy Ty
2. l even
coslf; = ~(e™ +e ") with 0, = %j
N 1 N _
ol — iZN\J
= Z éje N N, ' (e N)
3=0 eilr=¢0 for 1 even 7=}
I 6”7T N . 1 — qN
il .
= " = 0 J —
e [T using ;q q -

Note: for [ = 2N the denominator vanishes:

cos 2N % j =1= Z #0 trapezoidal rule not correct

3. [ odd:
cos [ odd about ¢ = 7
cosll; = —coslOn_;
cosll; = cosl%j
T ™ . T
coslfy_; = cos (ZNN — ZN]> = —cos <—ZN]>

N
= Z coslf; =0
=0
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Transform in z—coordinates
N
T

Yople) [T B T
/_1 ﬁda? = /0 p(cos0)dl = Zp(cos N]) NG,

J=0

Note:

This can also be viewed as a Gauss-Lobatto integration

/_ p(z)w(x)dx = Zp(xj)wj

1

with points z; = cos ;7 and weights w; = 7=
J

Gauss-Lobatto integration is exact for polynomials up to degree 2N — 1:
e degree 2N — 1 polynomials have 2N coefficients
e 2N parameters to choose:

w;for j=0,..,Nandz;forj=1,.., N —1since zp = —1 and zy = +1

The z; are roots of a certain polynomial ¢(z) = pnyi1(z) + apy(z) + bpy_1(x) With a and b
chosen such that ¢(£1) =0

Note: for the scalar product one needs the integral to be exact up to order 2V since each
factor can be a N*'-order polynomial = see (13) below

Summarizing:

pseudo-spectral coefficients given by

2 U 1
Uy, = Ne ZU(%)Tk(%)g
7=0
with
2  i=0N

1 1<i<N-1
again highest mode resolvable on the grid given by

Tn(xj) = cos <N arccos <cos %])) =cosmj = (—1)

Remember origin of ¢,
cy =2 as in Fourier expansion in 6

+ikx

co =2 since only for £ # 0 two exponentials e contribute to cos kx

Note:

e need not distinguish between ¢, and ¢;: from now on ¢; = ¢;
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Notes:

e transformation can be written as matrix multiplication

N
iy =y Crju(z))
=0

with
e © 1)) (arccos(cos =5))
= Ti) = cos ( k arccos(cos —
& NCij At CrCj N]
2 . (]{Zjﬂ')
= 0S
NCkCJ N
e the inverse transformation is
N N
u(e;) =Y Telws) i =Y (C7) i
k=0 k=0
with "
-1 _ . ™)
(C )jk = Ty(x;) = cos N

e transformation seemingly O(N?): but there are again fast transforms (see later).

e discrete orthogonality

N
1 N
Z Ti(x;)Ti(z;)— = —cidw
=0 & 2

since for [ + k£ < 2N — 1 the integration is exact

N

1
ZTl(xj)Tk(xj)wj = /Tl(m)Tk(x) dx = ckzélk note: w; = T
y 1— 22 2 Cj
for | +k=2N:since [,k < Nonehas! =N = k: Ty(x;) = (—1)
Y 1
= ZOTN(%)TN(%)C—j =N (13)
‘7:

although T% is not a constant (only on the grid).

The pseudospectral approximant interpolates the function on the grid

k=0 k=0 j=0 J

Ivu(w) = S wTem) = 3% kac ()T () T (a2)
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use Tj,(z;) = cos karccos x; = cos k3 = Tj(x;) and orthogonallity

= Iyu() = Y w-u(e) S Ty Tlen) = Y uley) 26 = ulw)

Aliasing:

As with Fourier modes the pseudosprectral approximation has aliasing errors:

In Fourier we have aliasing from 2N + r to r and from —2N + r to » . The mode —2N + r is
also contained in the Chebyshev mode cos(2N — r)0. Therefore 2N — r also aliases into r.

Consider Ty, y+,(z) on grid z; = cos

Tomntr(xj) = cos ((QmN + ) arccos(cos W—Ny)) = coS ((2mN +7) W—N]) —

Nty ] i Nrny . mj ]

cosT—= F sin 2m sinr—= = cosr—=

Nt N TN N
————

0

= cos2m

Thus: 7., 9,y is aliased to 7, (x) on the grid.
Coefficients of T}, are determined by all contributions that look like 7}, on the grid

o0
Uy = Uy + E U2mN-+k

m=1

6.2.1 Implementation of Fast Transform

The 1y can be obtained using FFT for u(z) real
Extend u(cos#) from [0, 7] to [0, 27] in ‘V—space’
extended f(cosf) is periodic in §# = FFT
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extension

Note:
¢ in Matlab the extension can be done easily using the command FLIPDIM

Coefficients are given by
j Cj

2 < 1 2 & mi 1
= N—; (z; Tk:cjc :N—; (x; cos(kN) (14)

Rewrite the sum in terms of the extension (using that cos and u are even with respect to
0=0,7

N-1 . N1 N1
ik k wkr
u; Cos N = E u2N » COS N(2N —r)) = E U, COS -~

j=1 j=2N—r r=2N-—j r= N+1 r=N+1

thus considering factor 1/c; in (14)

2 1 ik
Up = ch2{UOCOSO+uNCOS7Tk+2jzlu]COS7TJ<T }:

2 1 mik R~ mjk
= NCk2{uOCOSO+UNcos7rk+Zu]cosW+ Z u]cos%}

j=1 j=N+1
2N—1 2N—1
1 Z w1k 1 R jimk
= — U; COS = —— [te E u;e N
NCk J N ch J
= ]:0
~~ -
FFT

Notes:

e here the ordering of grid points is = = cos#f
therefore uy = u(+1) and uy = u(—1)
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Reorder:

zj = cosOn_; then  z=-1 zy=+1
Ty(z;) = cos(karccoscosfn_;) = cos <k(N - j)%)

kj kj
= coskm cos % + sin k7 sin WW = (=1)F cos =~

Thus:
Ti(2) = (1) Tk (x)

expressing the fact that reflecting about the y-axis (x — —z) amounts to switching sign of
the odd Chebyshev polynomials but leaving the even 7}, unchanged.

Relation to FFT is changed

i 2 i ) Tu(e) 2 i ()t
Uy = — u(z; ;) — = — u(z; 25

k Ney, 4 J) kL ¢; N Ney, J k J ¢;

=0 ’ relabeling 7=0
N ON—1
2 kjm 1 1 ik
= (_1)kN—ck E u(z])cosw p = ( l)kNCk Re{ uj e’k }

Jj=0 7=0

FFT

where
’&0 = U(—l) ﬁN = U(+1) ﬁgN = u(—l)

= with natural ordering FFT yields (—1)*ay.

6.3 Derivatives

Goal: approximate derivative of u(x) by derivative of interpolant /yu(z)
Need -LTj(z) in terms of Tj(x). We had

Recursion Relation

d 1 d
L Tn(2) = (m+1)2T(2) + —— Ty () m> 2
dx m—1d
th  Lnw-o Lnw-r
Wi dx 0\ dz ! o 0

Note:

° %Tm_l contains even lower 7 etc.: %Tm contains contributions from many 7}
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First Derivative

Expand the derivative of the interpolant in 7}, (x)

N

% (Iyu(x)) = Z@k%Tk(x) = Z bk T ()

k=0 k=0

To determine b, project derivative onto 7;(x)

Note:

e here ¢y = 2 and ¢y = 1 since full projection, integrand evaluated not only at discrete
grid points (we get an analytic result for the b, )

Use
/1 d 1 0 >k
Ti(z)— (Ty(x)) dr=4 0 k>1 k+ [ even
o dw Vi—a? kr k>0  k+1lodd
Proof:
1. 1>k

degree of %Tkis k — 1 = can be expressed by sum of 7; with j < [; scalar product
vanishes since 7}, L T} for j # k

2. k+leven = [ and k& both even or both odd = Tl%Tk odd = integral vanishes

3. k+1lodd, k > I: prove by induction
write k=14+2r —1,7r=1,2,3, ...

(@ r=1k=10+1

first [ £ 0
<TdT > = (+1) 2 <01 >+ ! <TdT > —2(l+1)7r
] = 110 1 <L Tia = 5
recursion for L7, —
—0 since 1-1<
now [ =0

d
<Toy—T) >=<TyIy >=rm
dx
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(b) induction step: assume

d
<T—Tor1>=(+2r—1)m, r>1
dx N———
k

d 1 d
<Tl%Tl+2(r+l)_l> - <Tl(l +2r + 1) <2Tl+2r + m%ﬂ+2r—l)>
l+2r+1, . d [+2r+1
_ m<ﬂ%ﬂ+2r—l> = m(l+2r_1)ﬂ: (l+27'_|_1)7r

= (I+2(r+1) -7

Thus:
9 N
by = — U
=2y
k=1+1;k+ odd
Notes:

e calculation of single coefficient b, is O(/N) operations instead of O(1) for Fourier
= calculation of complete derivative seems to require O(N?) operation

e 0, depends only on 4, with & > [: only polynomials with higher degree contribute to a
given power of x of the derivative

Determine b; recursively:

N
C _ - - C
El bl = (l + 1)ul+1 + Z /{;uk = (l + 1)ul+1 + % bl+2
k=1+3; k+ odd

Thus
by = 0
bN—l == 2N?~LN
ab, = 2(l + 1)@[.,.1 + bjio 0<I<N-2
Note:

e here ¢y = 1 since full integral = no factor ¢;,, for [ < N — 2
e recursion relation requires only O(NV) operations for all N coefficients

e recursion relation cannot be parallelized or vectorized:
evaluation of b, requires knowledge of b, with k& > [:

- cannot evaluate all coefficients b, simultaneously on parallel computers

- cannot start evaluating product involving b, without finishing first calculation for
b with k& > [
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Higher Derivatives

calculate higher derivatives recursively

dn d dn—l
= g <dxn—1“<~”“>)

i.e. given
d! 1)
eiin(u(@)) = Zb Ti(x)
one gets
dr N d N
n—1 n
dn ~(u(r)) = Zbé )%Tk(«r) = Z b,i )Tk(x)
k=0 k=0
with
by = 0
0y, = 2Nby Y
ab™ = 20+ )b + 0
Note:

e to get n'* derivative effectively have to calculate all derivatives up to n

6.3.1 Implementation of Pseudospectral Algorithm for Derivatives

Combine the steps: given u(x) at the collocation points z; calculate 07u at x;
I. Transform Method

1. Transform to Chebyshev amplitudes

2. Calculate derivatives recursively
by = 0
0y, = 2N
ab™ = 200+ )b + b
3. Transform back to real space at z;
N .
Iy (u(zy)) = Z b,(fn) cos jW
k=0
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Note:
e steps 1. and 3. can be performed using FFT

FFT for back transformation

forward transformation was
N IN—-1
~ 2 Jkm 1 1 ik
= g 2 M) s T N—R{Z“} o

the last sum can be done as forward FFT

For first derivative at z; we need

1. extend b;
br:bZN—r for T:N+1,...,2N—1

2. need factors c; (cf. (15)): redefine b,

lA)O = 2b0 [;N = 2()]\/ lA)j = bj fOI’j # 0, N

jkr 1 1 [RE e
Zbkcos— chos—— §Re Zbkel\f

Last sum can again be done as forward FFT.

Notes:

e backward transformation uses the same FFT as the forward transformation.
more precisely, because only real part is taken the sign of i does not matter

e again for natural ordering want derivative at z; = cos (N — j):
need

k ~ kj
bkcos<]\7;(]\f—j)) (— )bkcoswﬂ

= replace

~

II. Matrix Multiply Approach

As in Fourier case derivative is linear in u(z;) = can be written as matrix multiplication

0 IN Z D]ku {L'k
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Dy, gives contribution of u(z;) to derivative at z;

The polynomial /y(u(z)) interpolates u on the grid z;. Since the order of Iy is equal to the
number of grid points, this polynomial is unique. Therefore start by seeking the polynomial
that interpolates u(z;) and then take its derivative.

Construct interpolating polynomial from polynomials g (x) satisfying

ge(x;) = Ojk
u(z;) = ng(%’)u(%)
k=0

= Z Opgi(x)|  u(zy) = Z Dijru(wy)

Zj

Construct the polynomial noting that Chebyshev polynomial 7y (z) has extrema at all z;
for1<j<N-1
d

dz
Note: %TN has N — 1 zeroes since it has order N — 1

Tn(z;) =0 forj=1,.N -1

: vanishes at z,
vanishes at zo .

w- S TTE i :
IR\E) = N2¢, v dx NiE T — Ty
——
normalization cancels (z—z,) in numerator

Notes:

e > u(xy)gr(x) interpolates u on the grid

e gi(x) is indeed a polynomial since denominator is cancelled by %TN, which vanishes
at the z;,

e g;(7) is a Lagrange polynomial

N
r—x T— T— Tkl T— T—ITN-1 T—Z
LI(CN)(x)_H mo_ 0 k—1 k+1 N-1 N 0<k<N

il Tk — Tm T — To Ty — Tp—1 Tk — Th+1 Tp —TN-1Tg — TN
#m=0

Take derivative of g, ()

N

d
%INu(xj) = ;u zk) gy () ZngU (k)
For natural ordering z = cosfy_; = cos %ﬂ, i.e. 2o = —1 and zy = 1, one gets
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: _ 1
Dj = (-1 ———  forj £k

C XTj — Tk

x.

Dj; - for j A0, N 16
] 2(1_1,?) or j # 0, (16)

2N? + 1 2N? 41
Dy = — G Dyy =+ 6

Notes:

e differentiation matrix is not skew-symmetric

Djy, # Dy; since D;; # 0 and il
Ck
e ||D|| = O(N?) because of clustering of points at the boundary
clear for Dy, and Dyy.
smallest grid distance is O(N7?), e.g., for |[j — N| < N

(N—J)? , _ N2
—xz " +...)=0(N7)

= stability condition will involve N2 instead of N !
= more restrictive than Fourier modes

l—z;=1—cos(fn_;)=1—(1—

e higher derivatives obtained via D"
Note:

e it turns out that the numerical accuracy of the matrix-multiply approach using D as
formulated in (16) is quite prone to numerical round-off errors. D has to satisfy

N
j=0

reflecting that the derivative of a constant vanishes.
A better implementation is

1

Dy, = ﬁ(—l)j”i for j £ k
Ck Ty — Tk
N
Dy = = > D a7
k=0

(18)

7 Initial-Boundary-Value Problems: Pseudo-spectral Method

We introduced Chebyshev polynomials to deal with general boundary conditions. Imple-
ment them now
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7.1 Brief Review of Boundary-Value Problems

Depending on character of equation we need to pose/may pose different number of boundary

conditions at different locations.

7.1.1 Hyperbolic Problems

characterized by traveling waves: boundary conditions depend on characteristics:

Boundary condition to be posed on incoming characteristic variable but not on outgoing
characteristic variable. Solution blows up if boundary condition is posed on wrong variable.

1. Scalar wave equation

oy = Oyu u(z,0) = up(x) —1<z<+1

wave travels to the left
u(z,t) = u(z + vt)

distinguish boundaries;

(a) x = —1: outflow boundary = u is outgoing variable
requires and allows no boundary condition

(b) x = 41 : inflow boundary = v is incoming variable
needs and allows single boundary condition

. System of wave equations
@u = A@xu

diagonalize A to determine characteristic variables
Example:

ou = 0yv
8t1) = 8$u

Taking sum and difference
U=u+v U =u—w
at(]l,r = j:a:cUl,r

(a) z = —1: only U, is incoming, only U, accepts boundary condition

(b) z = +1: only U] is incoming, only U; accepts boundary condition

Physical boundary conditions often not in terms of characteristic variables

(Ui(=1) = Un(=1))

Example:
+ at r = +1 v unspecified
atrx = —1:
_ _ 1
U, (— u —o(—1)=u b
Ur(— 2u” — Ul(—l)
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7.1.2 Parabolic Equations

No characteristics, boundary conditions at each boundary

Example:
ou=V-j=V -Vu=Au

Typical boundary conditions:
1. Dirichlet
u=>0
2. Neumann (no flux boundary condition)

o,u =0

3. Robin boundary conditions
au ~+ B0,u = g(t)

7.2 Pseudospectral Implementation

Pseudospectral: we have grid points = boundary values available
discuss using matrix-multiply approach

Explore: simple wave equation
Oyu = Oyu u(lx =1,t) = g(t)

discretize

N
atui = Z Dijuj with U; = U(Ilfj)
=0
Notes:

e spatial derivative calculated using all points
= derivatives available at boundaries without introducing the virtual points that ap-
peared when using finite differences
1
Ogug = —(Ul - U—l)

2Ax

e boundary condition seems not necessary: it looks as if uy could be updated without
making use of ¢(t).
But: PDE would be ill-posed without boundary conditions
= scheme should blow up! (see later)
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Correct implementation

N
3tui = Z
j=

Dijuj ZIO,,N—l
0
uy = g(t)

Note:

e although uy is not updated using the PDE, it can still be used to calculate the deriva-
tive at the other points.

Express scheme in terms of unknown variables only: ug, uq,...unx_1
Define reduced n x n—differentiation matrix

pM=DpD; ij=0.,N—-1
i.e. N'" row and column of D;; are omitted.

N-1
@ui = DZ(JN)U] + DiNuN 1= 0, cees N -1

|
NS

un =

Notes:

e boundary conditions modify differentiation matrix

e in general equation becomes inhomogeneous

7.3 Spectra of Modified Differentiation Matrices

With u = (uo, ..., uy_1) PDE becomes inhomogeneous system of ODEs
du=DMu+d with d; = D;ng(?)

For simplicity assume vanishing boundary values: d = 0
()

Stability properties determined by eigenvalues ); of modified differentiation matrix D
81311]‘ = )\jllj

Reminder:

e region of absolute stability of scheme for eigenvalue ),

{\; At € C|u; bounded for all ¢}

e scheme is asymptotically stable if it is absolutely stable for all eigenvalues of D?V)
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7.3.1 Wave Equation: First Derivative

What are the properties of DV)?

Review of Fourier Case
e eigenvalues of Dy are ik, |k| =0, 1,...N — 1. All eigenvalues are purely imaginary and
the eigenvalue 0 is double.
e Dy is normal = can be diagonalized by unitary matrix U

A

U~'DU = A

Il
)

AN

with ||D]| = ||D|| and ||[U~"ul| = |[ul|
= ||u|| is bounded by the same constant as ||[U'u||, independent of N
= sufficient to look at scalar equation.

Properties of DY) for Chebyshev

e eigenvalues of DY) are not known analytically
e eigenvalues of DY) have negative real part

ou = DWu  well-posed
ou = —DWy ill-posed

in ill-posed case boundary condition should be at x = —1 but it is posed at x = +1
Example: N =1

DM =Dypy=-"—"=—-=

1 ..
Orug = —5 U bounded; boundary condition on u;

For boundary condition at + = —1 introduce D
Thus for
8tu = —&Eu

N
Opu; = — ZDZ(?)UJ- + Diog(t) fori=1,..,N

=1

Eigenvalues of D(©) have positive real part

Example: N =1
1
DO = Dyy = +5

Note:
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- in Fourier real part vanishes: = no blow-up
periodic boundary conditions are well-posed for both directions of propagation

e D™ is not normal (D*D # DD™") = similarity transformation S to diagonal form not
unitary

[|ul[ # [[Sul|

For any fixed N ||ul| is bounded if ||Sul| is bounded
But constant relating ||u|| and ||Sul| could diverge for N — oo
= stability is not guaranteed for N — o if scalar equation is stable.

e eigenvalues of DY) and D© are O(N?)
= stability limits for wave equation will involve

At < O(N72)

larger eigenvalues reflect the close grid spacing near the boundary, Az = O(N~?)

7.3.2 Diffusion Equation: Second Derivative

Consider

ou = Q,%u Qo.N U+ 507]\/ Oyu = “Yo,N at r = +1

a) Fixed Boundary Values o« =1, 3 =10
unknowns
Up, Uy ooy UN_]
known
Ug = UN = VN

Reduced (n — 1) x (n — 1) differentiation matrix for second derivative

DN — (D2, i =1, N—1

2,ij

(/L
(o,n)
:DZ
/

N-1
8tui = Z Dé?;jN) Uj + (Dz)io’}/o + (Dz)iN’}/N for i = 1, ceey N -1
j=1

then
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Note:

e again the 2"? derivative is calculated by using all values of u, including the fixed
prescribed boundary values

e for transformation to 7, via FFT use all grid points
information for 9%u is, however, discarded at the boundaries

Eigenvalues
exact eigenvalues of 9%u with u(+1) = 0:

. 2
n = Zn. = eigenvalues \, = —5-n’

e sin gz is eigenfunction of 9?2 for ¢ = -

us
L

™

e all functions that vanish at x = £1 can be expanded in terms of sin gz with ¢ = Tn = In
= sin ¢qx form a complete set = no other eigenfunctions

eigenvalues of DgO’N) :

e all eigenvalues are real and negative

e eigenvalues are O(N*) reflecting the small grid spacing near the boundaries.

b) Fixed Flux: « =0, =1
Need other modification of D?:

e uy and uy now unknown = (n + 1) x (n + 1) matrix

e 0,uy and O,uy are known
= 0,u; is calculated with D only fori =1,.... N — 1

pon _ | Dy 1<i<N-1
w1 0 i=0 or i=N

N
ch,- = Z bi(]qN)Uj + 52'70’70 + 52’,N7N 1= 0, ceey N
j=0

e 274 derivative

N
Pu; = Z D;;0,u; = Z DuD(O M + D607 + Dijéj NYN
j= 7,k=0

¢ Diffusion equation

dyu; = Z DyDY™Muy  + Dy + Diny,
7,k=0

N - _ inhomogenzous terms
apply e.g. Crank-Nicholson

1

A ("t —u") = oDDOMu+ 4 (1 — ) DDOMu" + Dygyo + Dinyw

Note:
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— derivative at boundary is calculated also with spectral accuracy; in finite differ-
ence schemes they are one-sided: reduced accuracy

— Crank-Nicholson for fixed boundary values similar.

7.4 Discussion of Time-Stepping Methods for Chebyshev

Based on analysis of
d_u = \u
dt
which scheme has range of At in which it is absolutely for given \ € C

Main aspect: not only DéO’N) but also D™ has negative real part

7.4.1 Adams-Bashforth

AB1= forward Euler

AB2
3 1
n+l _ ,n “rm _ ~ rn—1
u" =u" 4+ At <2f 2f )
AB3 23 16 5
n+l _  n ““em _ ~Y rn—1 Y -2
u" ="+ At (12f 12f +12f )

Adams-Bashforth
15 T T T T “

0.5

Since the eigenvalues of the odd Chebyshev derivatives have non-zero (negative) real part
all three schemes have stable regions not only for diffusion but also for wave equation.
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Stability limits:

wave equation

Atma:c - O(m)
diffusion equation
1
At e = O(m)

strong motivation for implicit scheme

7.4.2 Adams-Moulton

AM1=backward Euler
AM2=Crank-Nicholson
AM3

5 8 1
ntl _ . n A Y o+l ~ m _ — rn—1
v s A (12f VLT )

Adams—Moulton

backward Euler and Crank-Nicholson remain unconditionally stable for both equations
AMS3: now stable for small At ; but still implicit scheme
Notes:

e Crank-Nicholson damps large wavenumbers only weakly, 2"¢ order in time

e backward Euler damps large wavenumbers strongly: very robust, but only 1¢‘order in
time

¢ if high wavenumbers arise from non-smooth initial conditions: take a few backward
Euler steps
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7.4.3 Backward-Difference Schemes

this class of schemes is obtained by obtaining interpolant for «(¢) and taking its derivative
as the left-hand-side of differential equation

m—1
Pn(t) = > ultneri) LY (1)
k=0
with Lagrange polynomials
m—1 ¢ +
m — bn4+1-1
=TI ; ;
kzi=o InH1=k T Tt
to get derivative
du d 0
1. = 7 Pm
dt bnst dt bost
1. m=2
Upt1 — Up
po(t) = " (t —t,) +
tn—i—l - tn
ip (t) _ Ung1r —Un Fumth)
dt 2 tnil tn—i—l - tn

thus: BD1=backward Euler
2. m = 3 yields BD2

3 +1 1 -1
o n — 2 ) = At n+1
Tk U —|—2u f

backward differentiation

backward differentiation

25

—(
—

m— BD1
— BD2
— BD3

BD4
— BD5
—— BD6

ANS

-05

-15

v

Neumann Analysis for BD2:

52—2+Z—At)\z:o
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2 4+ V1+ 2AEN 1
219 = - F—
b2 3 — 2AtA VTR

— 0 for At|\| — oo

Note:

e BD1 and BD2 are unconditionally stable. BD3 and higher are not unconditionally
stable

e BD2 damps high wavenumbers strongly (although not as strongly as BE) and is 2"¢
order in time

compared to Crank-Nicholson it needs more storage since it uses u" !

7.4.4 Runge-Kutta

Runge-Kutta
T T

—2h

For Chebyshev also RK2 stable for wave equation - was not the case for Fourier

7.4.5 Semi-Implicit Schemes

Consider diffusion equation with nonlinearity

Ou = O%u + f(u) u(z =0) =" u(lz=1L) =y
~
CN  AB2
U =+ AL (00R + (1 — 0)0Pu") + At (g fr) - f(u"—l))

Calculate derivatives with differentiation matrix
= boundary conditions enter

0%u; = D¥:Mu;+ Diyo+ Diyyy i=1,..,N—1
J
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remember
DN = (D%,  ij=1,..

2,17

N -1

Y

insert in scheme
> (0 = AODE Vit = 7 (05 + A1 — 0) DS Yl + At (Do + D) +
J J

3 n 1 n—1 s
At (§fl(u )—§f2(u )) i=1,..,N—1

Notes:

e Need to invert §;; — At@DgowN constant matrix = only one matrix inversion

e in the algorithm D(0 N is effectively a N — 2 x N — 2 matrix; but it is not the same

matrix as D? for N — 2 nodes!

¢ if boundary condition depends on time
either CN

At (QD?O'VO(tn-i-l) +(1- Q)D?O'VO(tn-H))

or AB2
1

¢ (5Dh0ten) — 3 Dot

7.4.6 Exponential Time-Differencing

Consider again

O = 0*u + f(u) O<z<lL b.c.at x =0, L

Using the Chebyshev differentiation matrix D? this can be integrated formally
At
u"t! = eDQAtun + eDQAt/ —D2t’f(t —|—t)dt
0

where f denotes the vector (fi,..., fv).
For a EDTFE we approximate this as
't = AP - ALE(AtD?) £(t,) (19)
4Include CNAB for Chebyshev with FFT:

(I+AtD) ' = (FF '+ AtF'DF)™' = (F~Y(I + AtD)F)™' = F~}(I + AtD)™!
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with
Eo(AtD?) = (AtD) <I - e—D%)

As in the Fourier case the evaluation of E; suffers from round-off through cancellations.
Even worse cancellations for E; in EDTRK4 (cf. (10)). Using Taylor’s formula is not
straightforward. Use Cauchy integral formula for matrices A [6, 7].

Consider .
_ b AL
D(A) = 5 jﬁ f) (I —A)" dt
Assume A can be diagonalized
A =SAS™!
with A = diag()\l, )\2, ey )\n)

(I—-A)" = (tSIS'—SAS™) ' ={S(tI-A)SI}

1 1
= St -A)"'S'=8di -
S (¢ ) S S diag <t—)\1’ ,t_)\n>S

Since S does not depend on ¢t € C

1 | 1 1 .
e (1 1 1 1 .
= Sdiag (%fé f(t)t—)\ldt"“’%jé f(t)t—)\ndt) S

If C encloses \;

3§ FO=dt = £

271

If C encloses all eigenvalues of A one gets

®(A) =S diag (f(M), ..., f(A))S™! = f(A)

and

F(A) = 2L ]{ £ (1 — A)~" dt (20)
Tl I
Notes:

sample code for the Allen-Cahn equation, f(u) = u — u?, is in the appendix of [7]

the contour integral can be evaluated using the trapezoidal rule

simplest contour is a circle with radius R centered at ¢t = 0

eigenvalues of D? grow like N* = R has to be chosen large enough

- ¢' grows and oscillates rapidly for ranges of large complex ¢ (cf. (10))
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- more integration points are needed for the integral

- possibly other contour shapes preferrable (e.g. elliptic close to real axis or parabolic)
Boundary conditions:

1. Fixed boundary values:
Uo = Yo UN = IN

using the modified differentiation matrix DgO’N) we have N — 1 unknowns uq,...,un_1,
N-1
Oyu; = Z Dé?i’j.v) uj + (D*)igv0 + (D*)inyn + fi(u) fori=1,.,.N—1
j=1

Two possibilities:
(a) Shift solution to make boundary conditions homogeneous
u=U-+u,

with
up(z) =Y + (78 — M)

s

U satisfies now Dirichlet boundary conditions and can be determined using (19)
or its RK4 version with D? replaced by DgO’N)

(b) Can include the inhomogenous terms (D?);y + (D?);n7yn in f.

2. Fixed flux boundary conditions
O u = YoN at z=0,L

N
Ou; = Z Dijﬁ§z’N)uk + Dioyo + Dinyn + fz(u) for : = 0,...,N

J,k=0

For vy # 7 the transformation to Neumann condition would induce an additional
term since 9%uy, # 0.
Probably it is preferrabe to include the inhomogeneous terms in f.

8 Initial-Boundary-Value Problems: Galerkin Method

Galerkin method:
unknowns are the expansion coefficients, no spatial grid is introduced

Implementation of boundary conditions is different for Galerkin and for pseudospectral:

e pseudospectral: we have grid points = boundary values available

e Galerkin: no grid points, equations obtained by projections
= modify expansion functions or projection
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8.1 Review Fourier Case

Ou = Su 0<z <27 periodic b.c.
Expand u
Py(u) = Z up ()™

k=—N

replace u by projection Py(u) in PDE
8tPN(u) — SPN(U) =0

the expansion coefficients are determined by the condition that equation be satisfied in
subspace spanned by the ¢?**, —N < k < N, i.e. error orthogonal to that subspace
Project onto ¢*, - N <[ < N

(e 0, Pn(u) — S Py(U)) =0
Orthogonality of ¢*-modes
2w
oy — / e~ilrg Pyn(u) =0
0

e.g. for S =0,

8tul—/e_il$2(ik)ukeikx = 0
k

8tul—ilul =0

Notes:

¢ no aliasing error since transforms are calculated exactly
e nonlinear terms and space-dependent terms require convolution: slow
e no grid: preserves translation symmetry

e boundary conditions:
each Fourier mode satisfies the boundary conditions individually

8.2 Chebyshev Galerkin

Consider
Ou = Ou — 1<z <41, u(z = +1,t) = g(t)
Expand
N
Py(u) =) u(t)Ti(x)
k=0



project back onto 7j(x)
<Tl,0tPN(u) — axPN(U» =0
Oun(t) =Y (Ti(x), 0, Ti(x)) ur(?)
k=0
with

(s (2), ua(z)) = /_ n()un() \/11_761:5

Where are the boundary conditions?
Note:

e the T).(x) do not satisfy the boundary conditions individually

8.2.1 Modification of Set of Basis Functions

Construct new complete set of functions, each of which satisfies the boundary conditions.
Example: Dirichlet condition ¢(t) = 0

Since

Tp(z=4+1)=1
introduce R
Ty(x) = Ti(z) — To(x), E>1
each 7}, satisfies boundary condition.
Note:

e modified functions may not be orthogonal any more
(Ti(@), Tu(@)) = (Te, Ty) = (TTo) — (ToT) + (ToTo)
—— —— —— —=—

océkl =0 =0 =T
e could orthogonalize the set with Gram-Schmidt procedure

T = T,
T, = Th,— (LT

T3 - Tg - <T1T3>T1 - <T2T3>T2
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e procedure is not very flexible, expansion functions have to be changed whenever

boundary conditions are changed.

8.2.2 Chebyshev Tau-Method

To be satisfied

ou = 0Oyu
u(+1,t) = g(t)

i.e. boundary condition represents one more condition on the expansion coefficients

= introduce 1 extra unknown

Expand in N + 2 modes

N
Pryi(u) = wTi(x) + un 1 T (o)
k=0

Project PDE onto Tj,...7y = N + 1 equations
<7},atPN+1(U) — axPN_H(U» =0 0 S ) S N

satisfy boundary condition

N
Zuka(x =+1) +unriInsi(z = +1) = g(t)
k=0

Use orthogonality
N+1

c10iu; = Z w17, 0. Tk)

k=0

and T (z=1) =1
N+1

> u=g(t)
k=0

Thus: N + 1 equations for N + 1 unknowns. Should work.
Note:

e For p boundary conditions expand in N + 1 + p modes and project PDE onto first N + 1
modes and use remaining p modes to satisfy boundary conditions.

Spurious Instabilities
T7—method can lead to spurious instabilities and eigenvalues.

Example: incompressible Stokes equation in two dimensions

1
&V:—;ijLuAv V-v=0
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Introduce streamfunction ¢ and vorticity ¢

v o= (=0, 0:) = =V x (k)
¢ = (va)zzv%

eliminate pressure from Stokes by taking curl

a¢ = vAQ
( = V¥

Consider parallel channel flow with v depending only on the transverse coordinate z: v =

v(x)
ult N

() —> '}

(¢ = v (21)
¢ = 0% (22)

Boundary conditions at x = 0, L

v, = 0 = 0, =0
v, = 0 = 0,90 =0

Boundary condition 0,7 implies 1 is constant along the wall. If there is not net flux through
the channel then ¢ has to be equal on both sides of the channel

Y =0 xr=0,L
Can combine both equations (21,22) into single equation for v
O = v
with 4 boundary conditions

V=0 Ouab=0 atx=0,L
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Ansatz
Y= e (z)
00’V = v} v
Expand

N N N
()= WTix) 20 => bPT(z) 0= b Ti(x)
k=0 k=0 k=0
Results for eigenvalues

N 01 02

10 —9.86966 4,272

15 —9.86960 29,439

20 —9.86960 111,226

Notes:

e spurious positive eigenvalues
4
Omaz = O(N?)

e scheme is unconditionally unstable, useless for time integration
0.k. to determine eigenvalues as long as spurious eigenvalues are recognized

Rephrase problem [5, 4]

expand
o= e Ti(x)
k
¢ = "> GTi)
%
in PDE
oG = v(?
G o= ¥

where g,ﬁ” and ¢£2) are coefficients of expansion of 2"?—derivative
Previously all boundary conditions were imposed on first equation

Physically:
impose no slip condition v, = 0 on Stokes equation

oC = v 0<k<N-2
b (r=41)= 0 N—-1<k<N

impose incompressibility on vorticity equation

G = P 0<k<N-2
Pr=+1) = 0 N-1<E<N

This scheme is stable.
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9 Iterative Methods for Implicit Schemes

Consider as simple example nonlinear diffusion equation
O = 02u + f(u)
with Crank-Nicholson for stability or for Newton

un+1 _

Tu = 007" + (1= 0)9u + 0f (u™™) + (1 = 6) f(u")

linearize f(u"*!) (for reduced Newton, i.e. only single Newton step)
P = f ™ =) = F) + @ =) f )

and discretize derivatives (Chebyshev or Fourier or finite differences)

O*u = Dyu
then
(%t O ()T - 9D2) u = ((Ait AR Q)DQ) RREALE
Notes:

¢ in linear case matrix on l.h.s. is constant = only single matrix inversion
e in general:
— matrix inversion in each time step
— for full Newton matrix changes after each iteration
e finite differences: in one dimension only tri-diagonal matrix
e pseudospectral: matrix is full, inversion requires O(N?) operations

e implicit treatment of nonlinearity is in particular important when nonlinearity con-
tains spatial derivatives, otherwise in many cases sufficient to treat nonlinear term
explicitly (e.g. CNAB)

9.1 Simple Iteration

Goal: replace ’solving a matrix equation’ by ‘'multiplying by matrix’, which is faster

Consider matrix equation
Ax=Db

Seek iterative solution scheme
Xn+1 = Xp + g(xn)

need to chose g(x) to get convergence to solution
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Xpi1 = Xp & Ax,=Db
simplest attempt
g(x)=b— Ax
Xp1=I—-A)x,+b=Gx+b

check whether solution is a stable fixed point: consider evolution of error

5n:Xn_Xe

Ope1 = Xpr1—Xe=I—-A)x,+_b —x,
Ax.

= (I - A)(Xn - Xe) = (I - A)én

thus
5n+1 = G(Sn

Estimate convergence
16nsa]] < NG []0l]

and
onl] < [IG]"™ |[d0]|

convergence in the vicinity of the solution guaranteed for

Gl <a<1

If 0,, is eigenvector of G
5n+1 = G(Sn = )\25n

= need \; < a < 1 for all eigenvalues ),

Define spectral radius of G
p(G) = max |\

then we have
iteration converges iff p(G)<a<l

Define convergence rate R as inverse of number of iterations to decrease ¢ by factor e

Note:

e for special initial conditions that lie in a direction that contracts faster one could have
faster convergence. The rate R is guaranteed.
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e for poor initial guess: possibly no convergence at all.

For Crank-Nicholson (in the linear case)

1
A=—T1-6D
At oD,

thus

1
=1-A=(1-)I+6D;

)

Eigenvalues of G:

p(G) = O(N?)  Fourier
p(G) = O(N')  Chebyshev

p(G) > 1 no convergence.

9.2 Richardson Iteration
Choose g(x) more carefully
g(x) =w (b — Ax)

Iteration
Xpi1 = X, +w (b — Ax,) = Gx,, + wb

with iteration matrix
G=1I-wA

Choose free parameter w such that that p(G) is minimal, i.e.

max |1 —w);| minimal
(2

A = 1.1 6D, has only positive eigenvalues

O(l) - )\mm S )\ S )\max - O(NZA)

< - @ Chcreouinqg

e

|—CA‘>‘N’Q \-Qah;nl
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optimal choice

2
W, e
. )\min + )\ma:c
optimal spectral radius
Mnaw — Ao
Gmin: 1-— )\2:1_ OAmin:M
p< ) mzax ‘ w ‘ Wopt )\mam + )\mm

Spectral condition number

)\ma:v
K =
)\min
k—1
p(G) 1

Notes:

e Richardson iteration can be made to converge by suitable choice of w independent of
spectral radius of original matrix

e Fourier and Chebyshev have large

k=O(N*") = pveryclosetol

e in Crank-Nicholson .
Aij = [Kt — Qf'(u")} 61’]’ — 9D2,ij

the Dy;—part corresponds to calculating the second derivative = can be done using
FFT rather than matrix multiplication.

9.3 Preconditioning

Range of eigenvalues of G very large = slow convergence

Further improvement of g(x)

(b — Ax,)

-1
Xpt1 = Xp W M
preconditioner

Iteration matrix
G=I-wM'A

Goal: minimize range of eigenvalues of G
Note:

e optimal would be M~! = A~! then G = 0 = instant convergence
that is the original problem

e find M that is easy to invert and is close to A, i.e. has similar spectrum
= use M from finite difference approximation
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9.3.1 Periodic Boundary Conditions: Fourier

For simplicity discuss using simpler problem

O = 0u  with periodic b.c.

backward Euler:

e spectral = A, use Fourier because of boundary conditions

e finite differences = M

Finite differences

1
n+1 ny __ n+1
E(uj —uj) = A2 (uJJrl 2u
written as
Mun+1 — un
with ) ) !
aitar  TAR (1)
M — —? AT ERE A2
_Aiﬂ 0 _ﬁ
Spectral
1
A=—1-D
At 2

Eigenvalues of M—'A:

M and A have same eigenvectors e'®
= eigenvalues satisfy

)\MflA == m

eigenvalues of M:

Mijeil:cj _ i B eilA:v — 24 6—@'le
At Ax?
1 2
=—+—(1- A
AM T sz( coslAx)
eigenvalues of A
1
A= — + 12
ATA T
=
Y P
)\MflA At +

Az? 272
E"—Al’l

L+ 2 (1—coslAz)

822 1+ 2(1 — coslAx)
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range of eigenvalues

2

I — 0 Av-1a — 1 when T:Ct dominates
N o1 N\ 2 2
[ — 5 Az?? — (§5> = 72 1 —coslAx — 2 AM-1A — %

Thus:
e ratio of eigenvalues is O(1) = fast convergence of iteration.

In practice
Xpi1 = X, + wM (b — Ax,)

is solved as
M (x,41 — X)) =w (b — Ax,)

Notes:
e for Fourier case (periodic boundary conditions) M is almost tri-diagonal , equation can
be solved fast

e for Chebyshev case: also tri-diagonal, but grid points are not equidistant, need finite
difference approximation on the same grid

2 2 2

02 — = : i 23
2t A[L’j(Al’j + ij_l)uj-i-l Al’jAl’j_lu] + A[L’j_l(A{L'j —+ Al’j_l)UJ ! ( )
with Ax; =241 — @,

again eigenvalues of M~' A can be shown to be O(1)
o for k ~3onehasp="=51~1=0,=4§2"

k+1
thus 5
2 ~107* for n ~ 12
01

= implicit method with computational effort not much more than explicit

e the matrix multiplication should be done with fast transform, e.g. for Fourier

1 1 _
Ax, = (EI — Dz) X = 2% = F! (_k2}"(xn))

101



9.3.2 Non-Periodic Boundary Conditions: Chebyshev

Need to consider modified matrices, e.g. DéO’N), and also in finite differences

1. fixed values uony = Yo n
= only N — 1 unknowns
Chebyshev: use DéO’N)

5
Z {Kyt — aDg?;jV’} u;-”l =r.h.5. + Do + DN
J
finite differences®

it 0 0 770

3 A a0 :(h)+ 0

T S
0 0 37 aae pvagl

2. fixed flux O,uo v = Yo.n

Chebyshev:
Oyt = Z DZ(](-)’N)UJ' + dioY0 + NN
J

with

00 0 O

PON) _ D

00 0 0

then

&iul = Z Diij(%N)uk + DiO’VO + DZ'N’}/]X
jk M

_  known = rh.s.

= ltil.s.

finite differences:
introduce virtual points: u_; and uy1

U1 — U1

Oty = 2Ax

=% = u_y = uy — 2Az70

= equation for u, is modified

up — 2ug +u—y  uy — 2ug + (ug — 2Ax7)

P — _
=10 Az? Az?
2 2 2
Ax? Uo + Ax? e A—x%
Lh.s. r.h.s.

5The matrix is actually not correct. One has to take into account the non-equidistant grid (cf. (23)).
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M is tridiagonal
0
0

0
1
2 At Ax?2 Ax?

Notes:
e thisleads apparently to eigenvalues \y;-151n the range O(1) to O(%) = x becomes
large with N, convergence not good.

e apparently better to use f)g]’N) only to calculate derivative for the boundary points
and to calculate 9°u using D? for interior points (see Streett (1983) as referenced
in [2] in Sec. 5.2)

Back to reaction-diffusion equation
o = Ou + f(u)
Newton for Crank-Nicholson yields

1 df (u™)
EI —aDy —al T

A

u"t = rh.s.

/

Note:

e A depends on u" = eigenvalues depend on u” and therefore also on time
= eigenvalues are in general not known
= choice of w is not straightforward: ¢rial and error ‘technique’

9.3.3 First Derivative
Consider simpler problem
— = f(z) with periodic b.c.

1.e.

Z Djju; = f;
J

Try usual central differences for finite-difference preconditioning of Fourier differentiation
matrix

Ujp1 — Uj—1 2isin [Ax
2ol -1 Ao —
2Ax — M 2Ax
then A
AM-1A = i with — 7 <Az <+
1sinlAx

since sin 7 = 0 one has
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e \yi-1a unbounded = x unbounded

e no convergence
Possibilities:

1. Could omit higher modes (Orszag)

a0 _ [ x|k <2
k 0 2 <k <N

and calculate derivative with (¢
du o
% = Z z/{:uk
Pt

2T ~o

Now IAz < 27 and range of Ay-14 18 1 < Ay-14 < & sin 2 =

Omitting these modes would be consistent with anti-aliasing for a quadratic nonlin-

earity.

2. Want sin 5/Az instead of sin Az

Use staggered grid: evaluate derivatives and differential equation at x,,,/, but based

on the values at the grid points z;
Finite differences

. Lin —LiaA
d_u :Uj+1_uj:ezlmj+%e2l T —eT24AT o
dz Ax Ax
Titd
Spectral
N
du g~ il(z;4+i T .
T :ZZluke iT2N = =1l
v iyl I=—N
thus
%ZAZL'
)\MflA = 1 1 S )\MflA S
sin §ZA1'

B 27 sin %le

For wave equation one would get similar problem with central-difference preconditioning

Az .
)\MflA = AAt_‘._—Z.ZA:E
A HisinlAx

In implicit scheme At may be much larger than Az:
again \\;-14 has very large range = poor convergence
Use same method.

Note:

e one-sided difference would not have this problem either:
eilA:c

Ax

Uj+1 — U

Ay =
Ax:>M

il Ax
AM-1A = cilAz
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10 Spectral Methods and Sturm-Liouville Problems

Spectral methods:

e expansion in complete set of functions

e which functions to choose?

To get complete set consider eigenfunctions of a Sturm-Liouville problem

d d
—_ — — = —1<z<
e (p(x)dx¢> q(z)p + A w(z) =0 1<z<1
weight function
with
plz)>0 in —1l<zx<l w(z),q(x) >0
e regular:
p(—1) # 0 # p(+1)
e singular:

p(—1)=0 and/or p(+1)=0

Boundary conditions are homogeneous:

e regular
do(x1
o) + 5. ) 21
X
e singular
( )d—¢ 0 for +1 (25)
plx)- or x

¢ cannot become too singular near the boundary

Sturm-Liouville problems have non-zero solutions only for certain values of \: eigenvalues
An

Define scalar product:

<u,v>w:/_ w(z)u*(z)v(z)de

1
eigenfunctions ¢, form an orthonormal complete set

<¢ka ¢l> = Ok

Examples:
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1. p(x) =1=w(z) and ¢(x) =0
d2
ﬁgb +Xp=0 Fourier, regular Sturm-Liouville problem
x
2. p(z) = V1-22,q(z) =0, w(r) = H~=

1

d d
% <\/ ]_ —[L‘Z%QS) _l—)\i%l _x2

»=0 Chebyshev, singular

Expand solutions
u(x) =Y upi()
k=0
with
u = /w(m)¢*(m)u(m) dx projection

Consider convergence of expansion in L,—norm

N
lu(z) — Zum(m)H —0 for N — oo
k
Note:
e pointwise convergence only for almost all x

Truncation error

| Z uydr()||

k=N+1
depends on decay of u; with &

Want spectral accuracy
1
up < O (ﬁ) for all r

Under what condition is spectral accuracy obtained?

Consider
up = /w(x)é*(x) u(z) dx

Previously (Fourier and Chebyshev) did integration by parts.
Use Sturm-Liouville problem

w(x)¢j(z) = %k {q@’? @ (p iisﬂ
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1 d d
= [ (e )}dl’
1 du do*
- dp + — dr b =
s 1+/dx )
. 1 d d (du .
= )\—k/uq¢kdm )\—{ up :I:l_/dm (d p) ¢kd$}

p¢k
Boundary terms vanish if
do*
P dx

d ., o,

oy, du
_u_ —_——
p { s N dr ¢k} "

thus: u has to satisfy the same strict boundary conditions as ¢,

up

=0
+1

e regular case

=0

e singular case
d
p—a¢r — 0 at boundary
dx
= require
du
gbkpd— — 0 at boundary
X

need only same weak condition on u as on ¢

d
p_u — 0 at boundary
dx

For large k (cf. Fourier case A\, = —k? and d¢y./dx = ik¢y)
doy,
_ 2 _
A = O(k%) 0 O(k)

= if boundary conditions are not met one gets
U = O (—)

For spectral accuracy necessary but not sufficient:
u satisfies same boundary conditions as ¢

To consider higher orders use Lo, = \,w¢, to rewrite compact (cf. [2]):

1

1

U = ( Dk, U)w
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if ¢ and u satisfy the same boundary conditions, then they are in the same function spaces
and %L is self-adjoint (in explicit calculation above, the w cancel and one can perform the
usual integration by parts)

e 1<¢k,3Lu> /;(1[¢%¢—Lu) :-%«¢m§5L1Lu>
k

The last step can be done if %Lu satisfies the same boundary conditions as ¢.
Introducing

1
Ugm) = - Ltm-1)
can write
1 1
)\_2<¢kau(r)> =0 <)\_Z)
if

e the u,) satisfy same boundary conditions as ¢ forall 0 <m <r —1

® u(, is integrable
Conclusion:

e regular Sturm-Liouville problem: since (2 L)" u has to satisfy the boundary conditions
these boundary conditions (24) are a very restrictive condition.
Fourier case is a regular Sturm-Liouville problem: for spectral accuracy we needed
that all derivatives satisfy periodic boundary conditions.

e singular Sturm-Liouville problem: singular boundary conditions (25) only impose a
condition on regularity, do not prescribe any boundary values themselves

Simple example:

O = 0*u + f(x,t) u(0) =0 = u(n)

U= E are’t sin kx
k

since they satisfy related eigenvalue problem

Could use sine-series

Np=0% ¢=0 atx=0,7

But: this is a regular Sturm-Liouville problem with L = 9? and w = 1

Spectral convergence only if

U@y (0) =0 = ugy(m) for all r (26)
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i.e. if all even derivatives have to vanish at the boundary

Most functions that satisfy the original boundary conditions u(0) = 0 = u(7) do not satisfy
the additional conditions (26)

e.g. stationary solution for f(z,t) = ¢

1, 1
U = —-Cr — —Cnx
2

2
of course d*u(x = +1) = ¢ # 0.

In fact, expanding in a sine-series one gets

Thus:
e Expansions in natural eigenfunctions of a problem are only good if they satisfy a
singular Sturm-Liouville problem.

e If they do not satisfy a singular Sturm-Liouville problem one most likely will not get
spectral convergence even if the functions look very natural for the problem

11 Spectral Methods for Incompressible Fluid Dynam-
ics

Navier-Stokes equations for fluids arise in a wide range of application.

In many situations the fluid velocities are much smaller than the speed of sound. Density
variations can then often be assumed to propagate infinitely fast: the fluid can be assumed
to be incompressible,

u+u-Vu = —Vp+f+rAu
Veu = 0

Boundary conditions (no-slip condition and wall impermeable)

u=20 on boundary

External forces (or imposed pressure gradients) are included in f.
The effectively infinite wave speed leads to numerical challenges.

Mathematically:
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e pressure appears in momentum equation, but does not have an evolution equation of
its own and has no boundary condition at the walls

e divergence-free condition is an algebraic condition on the velocity, poses constraint on
the momentum equation

e could write momentum equation in terms of the vorticity w = Vxu
this would get rid of the pressure, but there is no convincing boundary condition for
vorticity

e divergence-free

- = can introduce streamfunction
boundary conditions can be tricky (can lead to spurious, destabilizing eigenval-
ues, cf. Sec.8.2.2)

For concreteness consider flows with boundaries only in one direction, e.g. flow between
two plates:

e 1 or 2 directions (x and z) can be approximated by periodic boundary conditions

¢ no-slip boundary conditions in one direction (y)

There are a number of different approaches that have been taken, we discuss only a few
selected ones. Most are formulated in terms of the primitive variables (u,p).

e coupled method: solve momentum equation and incompressibility simultaneously
e Galerkin method with divergence-free basis functions

e operator-splitting methods
Central aspects [3]:

e effectively infinite sound speed requires an implicit treatment of the pressure

e viscosity term has highest derivative: often also treated implicitly

The discussion here is following [3].
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11.1 Coupled Method

treat u and p simultaneously in coupled equations, usually use semi-implicit method

For a first-order method one would get (with an imposed pressure gradient p,e, to drive the
flow)

1 1
Ktu”“ —vAu"T + Vpttt = T ppe, + Ktu” —u"-Vu" 27)
V-u"tt =0
u"™ = 0  onboundary

Derivatives implemented via ik in the z-direction and via Chebyshev differentiation matrix
in y-direction:

0= Uy, 0" = 3 U T0()e™  p= Puly.)e™ = 37 Bon(t)T(y)e™  (28)

With (28) and U = (U, V') the Navier-Stokes equation (27) becomes

éug“ + VU — w2 U + ikPl e, + 0,P e, = 1y (29)
KU + 9,V = 0
with '
ry = EUZ — (u"-vVu"), — (psex), (30)

and boundary condition
Ut (y = 1) = 0

System can be solved

e directly with iterative method (precondition for the y-derivative)

e using the influence matrix method (Kleiser-Schumann)

Discuss here the influence matrix method.

For U one gets from (29)

—vU" + \U +ikP =r, (31)
with
Uly==+1)=0
and .
A= — + vk
AL +v
For V one gets
V"4 AV + P =7, (32)
with boundary condition
V(y=41)=0. (33)
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Once P is known U and V can be determined from (31, 32).

To get an equation for the pressure eliminate U"*! from (27) by taking its divergence and
using incompressibility (drop subscript & and superscript n = 1)

P'—k*P=V-r (34)

We do not have a boundary condition for the pressure. Instead, using V- U = 0 and
0.U(y = £1) = 0 one gets the boundary condition on V"’

Viy=+1)=0 (35)
Thus, the P-equation is coupled to the VV-equation through this additional boundary condi-

tions. Need to compute P and V' simultaneously using (34,35,32,33)
1%

0?2 — k? 0 V-r
_ Y _
£_< —0, 1/85—)\) b_(_Ty>

Slightly strange boundary conditions:

£<P>:b Viy=+1) = 0=V'(y = +1) (36)

with

e 2"’ order ODE for P but no boundary condition for P
e 2"-order ODE for V but 4 boundary conditions for V/

Consider auxiliary problem, assuming there is a boundary condition for P,

£<€>:b Ply=+1)=P.  V(y==+1)=0 37)

(36) can be solved by solving 3 versions of (37):

L(ip):b Ply=+1)=0 V,(y==+1)=0 (38)
p

L<P+): Piy=+1)=1 P (y=-1)=0 Vi(y==+1)=0 (39)

E(P‘):O Ply=+1)=0 Py=-1)=1 V. (y=+1)=0  (40)

Expand the solution to (36) as

DRORIAE

and impose the boundary condition of (36)

(B R ()~ ()

M

Since £ does not depend on the flow (U, P) the solutions to (39) and to (40) do not depend
on the flow:
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° ( ‘J} ) and < ‘]j._ ) need to be calculated only once at the beginning of the code
+ —

e the influence matrix M can also be calculated initially

Procedure:

1. Compute < ‘ij ) which depends on the flow via the inhomogeneity b
p

2. Compute d., which provides the correct boundary conditions P, for (37)

Py =4y
3. With 6. the solution to (36) is given by (41) (no need to solve (37) explicitly).
Notes:

¢ in the spectral approach the differential equations in y will be solved using Chebyshev
polynomials

e discussion above was done for continuous differentiation operators, not for discrete
differentiation (pseudo-spectral collocation points) = the solution to the equations
obtained from taking the divergence of the NS-equation (i.e. (34,32,35)) does not
guarantee a divergence-free solution. Error is estimated to be (with N, grid points
in y-direction)

N, - N, -
O LU, —LUsn,—
(I/At PN At FN 1)
e Correction (7-correction step) improves also stability limit

e With and without 7-correction code achieves spectral accuracy in space.

11.2 Operator-Splitting Methods

A common way to split the Navier-Stokes equations is into a velocity step
1

At

with a boundary condition

(u"+1/2 —u") — yAUWY? = _u" . Vu — pe, (42)

un+1/2(y _ :|:1) — gn+1/2

with g"t'/2 to be discussed later. The intermediate velocity field u”*'/? is not divergence-
free. This is achieved with the pressure step

1

= (un+1 . un+1/2) LVttt = 0 (43)

V-utt = 0
with boundary condition (again u = (u, v))
vy =+£1)=0
Note
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e counting boundary conditions:

— after Fourier transformation momentum equation is an algebraic equation in the
x-component and a first-order ODE for p in the y-component

— the incompressibility condition is a first-order ODE

- for two first-order ODEs expect only two boundary conditions, v at both sides.
Not possiblte to impose also boundary conditions on «

e in this formulation time-stepping is only first-order (Euler)
e u"*! is divergence-free but does not satisfy the no-slip condition exactly:
Usiip = u(y = £1) #0

— for g""'/2 = 0 one has uy;, = O(At)

- modified boundary conditions can improve accuracy

gt = At gt =0 = ua, = O(AP)

higher-order conditions are possible
For expansion in Chebyshev modes relevant:

e pressure enters equation only via its gradient

o T (z;) =0atall z; = cos &
= pressure mode py does not affect flow field and results in spurious mode

To avoid spurious pressure mode use only N — 1 Chebyshev modes

and solve the pressure step using the staggered grid points as collocation points

7(j+ 2 ,
yj+1/2:C057(N2> 7J=0...N—-1
The velocity field is expanded as usually
N ~
u(z,y, ) =Y > Upn(t)T(y) e*”
k m=0

and for the velocity step the usual collocation points are used
yj:cosﬂ—]\‘f7 j=0...N

Notes:
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e The pressure mode Py, also does not affect the flow. However, a spatially homogeneous
pressures is also physically irrelevant = indeterminacy of P, does not pose a problem.

e Since two different grids are used one needs to interpolate (u, p) from one grid to the
other by evaluating the 7,, at the respective grid points. This introduces additional
steps in the algorithm (some slowing down).

Velocity Step

drop again subscript &

V&;Un+1/2—)\Un+l/2 - _r
Un+1/2(y::l:1) — gn+1/2<y::l:1>

with \ = ﬁ + vk? and r as in (30)

Determine U using Chebyshev 7-method using the usual (Gauss-Lobatto) collocation points
Y-
Pressure Step

For transformation between the grids write

A N

U=U(yo),Uw),....Uun)"  V=V), V), ...V(yn))

and A t
P = (P(y1/2)>P(y3/2)>---aP(yN—1/2))

Need to compute the Chebyshev coefficients U and P for U and P based on the values at
the respective grid points

and . A
P — C+P

where C, and C, are the appropriate matrices

Velocity divergence needed on staggered grid points
Vu— DU = (C;!Co) [kl + C;' DG,V |

where D computes the derivative from the Chebyshev coefficients

Pressure gradient needed on regular grid points in momentum equation
Vp - GP = (C5'Cy) (ikP, C7'DC. P)
Pressure step (43) becomes

Ut = UY2 - AtGP at interior points y;, j=1...N—1 (44)
Dﬂn+1 = 0 at yj+1/27j =0..N—-1 (45)
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with
0jies :zﬁ“ﬂ—At@ﬁj aty—+1 (46)
Ut = 0 aty==+1 47)

Rewrite these equations to obtain an equation for the pressure. To make use of the diver-
gence condition (45) combine (44) with (47)

ﬂ"*lzZ(ﬂ"—AtGP) aty, j=0...N

where the matrix Z sets the boundary values of y-componet to 0

Then one can use the divergence condition (45) to eliminate U"*! and obtains an equation
for the pressure

DZGP:iDZfJ”“/2
At

Once the pressure is known U™t can be determined directly from (44-47).
Note:

e for more details on operator-splitting and other schemes for incompressible Navier-
Stokes see [2, 3]
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A Insertion: Testing of Codes
A few suggestions for how to test codes and identify bugs:

e test each term individually if possible

- set all but one coefficient in the equation to O:
does the code behave qualitatively as expected from the equation?

— compare quantitatively with simple analytical solutions (possibly with some co-
efficients set to 0)

e code ‘blows up’:

- is it a ‘true blow-up’: exact solution should not blow up

— is the blow-up reasonable for this type of scheme for this problem? Stability?
Does decreasing dt increase/decrease the growth?

— is the blow-up a coding error?

e track variables:
use only few modes so you can print out/plot what is going on in each time step

e if the code seems not to do what it should it often is a good idea to vary the parameters
and see whether the behavior of the code changes as expected (e.g. if a parameter was
omitted in an expression the results may not change at all even though the parame-
ters are changed); the response of the code to parameter changes may give an idea for
where the error lies.

B Details on Integrating Factor Scheme IFRK4

Some more details for the integrating-factor scheme (keeping in mind that it is usually not
as good as the exponential time differencing scheme):

Rewrite (8) with integrating factor et
3t(ek2tuk) = k2ek2tuk + ek%@tuk = ek2tfk(u) (48)
Introduce auxiliary variable v, (t) = e¥*u(t)
Oy, = ethfk(e_l%vl) (49)

Note:

e for nonlinear f the Fourier coefficient f;, depends on all Fourier modes of v
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It is natural to consider now suitable time-integration methods to solve equation (49)

Example: Forward Euler

ot = o AL f (e )
ekQ(t+At)uZ+1 = el + At f(up)
uptt = e FA (U 4 At fi(up))

Note:

e with forward Euler integrating factor generates same scheme as the operator-splitting
scheme above

e diffusion and other linear terms are treated exactly
e no instability arises from linear term for any At

e large wave numbers are strongly damped, as they should be (this is also true for
operator splitting)
compare with Crank-Nicholson (in CNAB, say)

1 — TAtk?
n+1 __ 2 n
YT T LA
for large kAt
uptt = —(1 — oz T LUy

oscillatory behavior and slow decay.

e FFT is done on nonlinear term rather than the linear derivative term (cf. operator
splitting)

e But: fixed points in u depend on the time step At and are not computed correctly
for large At, whereas without the integrating factor the fixed points of the numerical
scheme agree exactly with those of the differential equation.

Notes:

e It turns out that the prefactor of the error term is relatively large in particular com-
pared to the exponential time differencing scheme (cf. Boyd, Chebyshev and Fourier
Spectral Methods®)

Details for Runge-Kutta:

In Fourier space
uy, = —K*uy, + fio(u)

6See also Cox and Matthews, J. Comp. Phys. 176 (2002) 430, who give a detailed comparison and a further
advanced method exponential time differencing.
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For v, = ¢*“tu;, then . i
8tvk = 6k tfk('l}le_l t) = Fk(t,'l}l)

Note: Fj(t,v;) depends explicitly on time even if f(u) does not!
Then
klk = AtFk(tn, 'Uln) =
= At fi(ope ) = Attt fi(uf)
1 1
k’gk = AtFk(tn + —At, Uln + 5]{511) =
1
— AteF tn+At/2)fk((Uln + §k1l) 6—l2(tn+At/2))

1
_klle—ﬂ(tn+m/2))

— AteF tn+At/2)f (Ulne—lztne—IQAtﬂ +
1
= AteéF tn+At/2)f‘ (u?e—lQAt/Z + §klle—lz(tn+At/2))

Growing exponentials become very large for large k. Introduce

ke = ket
]‘C% _ l{:gke—kz(t"+At/2)
Esk _ k3ke—k2(tn+At/2)
E% _ k4ke—k2(tn+m)
Then
ke = At fi(uf)
kay = At fr(ule let/z—l— k e lQAt/z)
= Atfi < (uf + kl l“t/?)
Egk = At fk (u 6_12At/2 + = k2l>
F = Af, (u A\ zZAt/2>
n+1 n 1
Uk = Vg -+ 6 (klk + Ql{igk + 2k3k + k4k)
1 _ _ _ _
ute k2 (tn+AL) _ uzek%n 4 éek%n (klk Qg D2 4 Oy FOU2 4 k4kek2“>
Thus .
urtt = uZe_k Aty - (Elke—kQAt 4 igpe W2 4 9 W2 ]—C%)
Note

e In each of the four stages go to real space to evaluate nonlinearity and then transfrom
back to Fourier space to get its Fourier components in order to evaluate k;;,i = 1..4.
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C Chebyshev Example: Directional Sensing in Chemo-
taxis

Levine, Kessler, and Rappel have introduced a model to explain the ability of amoebae (e.g.
Dictyostelium discoideum) to sense chemical gradients very sensitively despite the small
size of the amoeba (see PNAS 103 (2006) 9761).

The model consists of an activator A, which is generated in response to the external chem-
ical that is to be sensed. The activator is bound to the cell membrane and constitutes the
output of the sensing activity (and triggers chemotactic motion), and a diffusing inhibitor
B. The inhibitor can attach itself to the membrane (its concentration is denoted B,,,) where
it can inactivate A.

The model is given by

B
a&t = DV?’B  inside thecell — 1 <z < +1
with boundary ocndition
Da—B = k.S — kB
on

Here 0/0n is the outward normal derivative. In a one-dimension system its sign is opposite
on the two sides of the system, 9/0n = —0/0x at x = —1 whereas 0/0n = +0/0x at v = +1 .
The reactions of the membrane bound species are given by

d4 = koS —k_A—FkAB,
dt
% = kyB —k_yB,, — k;AB,,

To implement the boundary conditions with Chebyshev polynomials (using the matrix mul-
tiplication approach):

j=0
OB, 1
8—; = —— (kaSo — ks By)
OB 1
8—$N — 5(k Sy — kyBy)

The second derivative is then given by

N-1 N
= Z Z D;;D;Bi, — Djo (koSo — ko Bo) + Din (koSN — ko Bn)
j: =

8x2

which can be written as

?B; . -
Do = > " DBy, + ka (—DigSo + DinSw)
k=0
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with

—D;g 0 0 D;n
_DiO DZN
vee . Din
—Djp 0 0 Dy

N-1

J=1

The equations on the membrane are nonlinear. The implementation of Crank-Nicholson
is then done most easily not completely implicitly, i.e. no full Newton iteration sequence
is performed to solve the nonlinear equations. Instead only a single iteration is performed
(semi-implicit) This is equivalent to expanding the terms at the new time around those at
the old time. Specifically

A" B 4+ (1 —a)A"B" = o((A" + AA)(B" + AB)) + (1 —a)A"B" =
a(A"B" + A"AB + B"AA + O(AAAB)) + (1 — a)A"B" =
a (A™'B" + A"B™) + (1 — 2a)A"B" + O(AAAB).

Ignoring the term O(AAAB) is often good enough.

D Background for Homework: Transitions in Reaction-
Diffusion Systems

Many systems undergo transitions from steady state to oscillatory ones or from spatially
homogeneous ones to states with spatial structure (periodic or more complex)

Examples:

e buckling of a bar or plate upon uniform compression (Euler instability)

e convection of a fluid heated from below: thermal instability through bouyancy or
temperature-dependence of surface tension

e fluid between two rotating concentric cylinders: centrifual instability

e solid films adsorbed on substrates with different crystaline structure (cf. Golovin’s
recent coloquium)

e surface waves on a vertically vibrated liquid

e various chemical reactions: Belousov-Zhabotinsky

- oscillations:
in the 1950s Belousov could not get his observations published because the jour-
nal reviewers thought such temporal structures were not ‘allowed’ by the second
law of thermodynamics

— spatial structure:
Turing suggested (1952) that different diffusion rates of competing chemicals
could lead to spatial structures that could underly the formation of spatial struc-
tures in biology (segmentation of yellow-jackets, patterning of animal coats...)
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Common to these systems is that the temporal or spatial structures arise through instabil-
ities of a simpler (e.g. homogeneous) state. Mathematically, these instabilities are bifurca-
tions at which new solutions come into existence.

General analytical approach:

1. find simpler basic state
2. identify instabilities of basic state

3. derive simplified equations that describe the structured state in the weakly nonlinear
regime
leads to equations for the amplitude of the unstable modes characterizing the struc-
ture: Ginzburg-Landau equations

In homework consider simple model in one spatial dimension for chemical reaction involv-
ing two species

@u = Dlaiu + f(u, ’U)

o = Dy0*u+ g(u,v)

‘Brusselator’ (introduced by Glansdorff and Prigogine, 1971, from Brussels) does not model
any specific reaction, it is just s very simple rich model

flu,v) = A—(B+1Du+u*v

g(u,v) = Bu—uv

with A and B external control parameters. Keep in the following A fixed and vary B.

For all parameter values there is a simple homogeneous steady state

This state may not be stable for all values of B: study stability by considering small pertur-
bations

u = A+U
B
= —+V
v A+

Inserting in original equation

ﬁv:AB+2BU+A%WJF§+QAUV+U%’

U = D0’U+(B—1)U+ A*V + F(U,V)
OV = Dyo’V — BU — A’V — F(U,V)
with

B
FU,V) = ZU2 + 24UV + UV
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Linear stability: omit F'(U, V'), which is negligible for infinitesimal U and V'

U _ (DU, (B-1 A U
8,V ) =\ D2V - -A2 ) \Vv

-~

Exponential ansatz

( g ) _ eateiqu< (‘2 ) (50)

has only a solution if

det M(o,q) =0
0®+0 ((D1+ Dy)g* + A> — B+ 1)J+ A*B—1)+¢*(4’Dy + (1 — B)D,) + DlDqu =0
R 8(a)
This gives a relation
o =o(q)

Instability occurs if
R(o)=0,>0 for some ¢

In this model two possibilities for onset of instability

e 0 = iw with ¢ = 0: oscillatory instability leading to Hopf bifurcation
expect oscillations to arise with frequency w
occurs for a(qg=0) =0
B =1 4 A? We = 0;

e 0 = 0 with ¢ # 0: instability sets in first at a specific ¢ = ¢. (critical wavenumber)
expect spatial structure to arise with wavenumber ¢,

occurs for 5(q.) =0
2
BﬁT’=<1+A &> R

D, vV D1Ds
here used o(q., B(ET)) =0 as well as fl—” = 0 to get the value where the first mode
a9, p(m)

becomes unstable.

For small amplitude A one can do a weakly nonlinear analysis, expanding the equations in
Aand B — B to obtain a Ginzburg-Landau equation for the complex amplitude A,

OpA =6 0% A+ A — 4] AP2A

For Hopf bifurcation 4, i, and v are complex, for Turing bifurcation they are real.
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In the original exponential ansatz (50) amplitude A is constant. It turns out one can al-
low A allow to vary slowly in space and time. The Ginzburg-Landau equation has simple
spatially/temporally periodic solutions

./4 — Aoeiwteiqx

with ,
Ag _ Hr — Orq
Yr
This leads to solutions for U and V of the form

U ; ; Ui
— pi(wetw)t Ji(get+q)T 0
(V) e e A0<VO)+h.o.t.

W= Wi — 5iq2 - %’|A|2

In the homework the system has non-trivial boundaries: affects the onset of the instabil-
ities. In this case one gets interesting behavior already for values of B that are slightly
below B.. Instabilities can arise at boundaries, which then can interact with the instabili-
ties in the interior of the system.

E Background for Homework: Pulsating Combustion
Fronts

Consider a one-dimensional combustible fluid in which the reactants are well mixed (pre-
mixed) and in which the concentration of a rate-limiting reactant is given by Y. The temper-
ature of the fluid is given by 7. A simple reaction with Arrhenius kinetics is then described
by

T = kit+qY k(T)

0Y = DAY —Y k(T)
with the reaction term .

k(T) = koe 5T

with E the activation energy and k3 the Boltzmann constant.

Boundary conditions

and initial conditions

Make dimensionless

Y
C=—
Yo
and T
f=_ " T,g =Ty + qYe
T.— T, d 0T q¥o



i.e.
Tr=1,+ que

Insert into Arrhenius law

o~ B/kET  _  =B/kpTa E/kp(1/Ta~1/T)

= iten (1o (7))

— KT,
(Ta)exp (kBTaTa+q1f()9

Z0

with the Zeldovich number Z given by

__E 4% _
=TT and 0= T

This results in the final equations

00 = 020+ Cerim
1

8,0 = —>C — Cetim
Le

with Lewis number given by
Initial conditions

and boundary conditions
0=0,, C=0C,

)

(51)
(52)

For very large activation energy (Z large) the reaction front can be replaced by an internal
layer and one can treat the outer solution analytically. A linear stability analysis shows
that for Le > 1 and the Zeldovich number above a certain value of Z.(Le) the steadily
propagating front becomes unstable to oscillations and a transition to pulsating fronts occur
[8]. In two-dimensional versions of (51,52) instabilities to cellular flames arise for Le < 1

(cf. Fig. 7).
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Figure 7: Cellular flame on a porous plug burner (from http://vip.cs. utsa. edu/
fl ames/ overvi ew. ht M see also [9]).
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