
ESAM 311-1 Methods in Applied Mathematics
Fall Quarter 2007

Hermann Riecke

Problem Set 4 Due Friday November 16, 2007

For this problem set you may want to consult the properties of the various
Bessel functions listed in the section 5.5 Summary.

1. Compute
lim
x→0

x2K2(x).

2. Compute
lim

x→∞x
(
[Jp(x)]2 + [Yp(x)]2

)
.

3. Based on the definition of Ip in terms of a power series, show that

d

dx
(xpIp(αx)) = αxpIp−1(αx).

4. Consider a circular drum. In analogy to the one-dimensional string discussed
in class the equation of motion for the deformation u(r, θ, t) of the drum head
is well described by the two-dimensional wave equation

∂2u

∂t2
= c2∆u ≡ c2 1
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∂2u

∂θ2
, (1)

where (r, θ) are polar coordinates. To get a solution for this differential equa-
tion consider the ansatz

u(r, θ, t) = sin(ωt) cos (nθ) y(r).

Because u(r, θ, t) must be single-valued as a function of the angle θ, n must be
some integer.
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(a) From (1) derive an ordinary differential equation for y(r).

(b) Give the general solution for this differential equation.
Impose the boundary condition y(0, t) < ∞. Show that the solution can
be written in the form y ∝ f(αr), where f is some Bessel function and α
is some real parameter characterizing the length scale.

(c) Impose now also a boundary condition at the perimeter of the drum,
y(R) = 0. Sketch the solution y(r) for some n and illustrate graphically
that this boundary condition imposes a condition on the parameter α.
Show that this condition determines the frequency of oscillation of the
drum head.

5. Give the general solution of the differential equation

x4 d2y

dx2
+ α2y = 0.

6. Determine the solution of the boundary-value problem

xy′′ − y′ + 4x3y = 0, 0 < x <
√

π, y(0) = 0, y(
√

π) = 0,

and express the solution in terms of elementary functions.
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