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In this assignment you investigate the dynamics of vortices in inviscid two-dimensional
fluids based on the evolution equations for the vortex positions that we derived in class. A
collection of Nv vortices of strengths Γj located at rj(t) = (xj(t), yj(t)) evolves according to

dxj

dt
= ux(xj , yj , t) = Fxj

=
1

2π

Nv∑

j 6=i=1

−Γi (yj − yi)

(xj − xi)2 + (yj − yi)2

dyj

dt
= uy(xj , yj , t) = Fyj

=
1

2π

Nv∑

j 6=i=1

Γi (xj − xi)

(xj − xi)2 + (yj − yi)2
. (1)

Similarly, a fluid particle located at rp(t) = (xp(t), yp(t)) moves according to

dxp

dt
= ux(xp, yp, t) = Fp =

1

2π

Nv∑

i=1

−Γi (yp − yi)

(xp − xi)2 + (yp − yi)2

dyp

dt
= uy(xp, yp, t) = Fq =

1

2π

Nv∑

i=1

Γi (xj − xi)

(xp − xi)2 + (yp − yi)2
. (2)

Note that for a ‘passive’ fluid particle the sum includes all vortices and does not exclude
the position of the fluid particle itself.

1. For starters consider the simple situation of a single vortex of strength Γ located
at r = (0, 0) and a single tracer particle with initial condition rp(t = 0) = (x0, y0).
Since there is only a single vortex, it is stationary and only the tracer particle moves
according to (2). Show that the particle moves in a circle around the vortex and
compute the time T (Γ) required for one revolution. To do so consider solutions of (2)
of the form xp(t) = rp cos φ(t) and yp(t) = rp sin φ(t) with r2

p = x2
0 + y2

0 and determine
φ(t).

2. Write a matlab code that solves equations (1) and (2) for given initial conditions
(x

(0)
i , y

(0)
i ) and arbitrary vortex strengths Γi. Output plots for the trajectories of

the vortices and the fluid particles and plots for the temporal evolution of the x-
coordinates of the vortices. Hand in your code and include enough comments to make
it easy to understand. Use

(a) the forward Euler scheme. A sample code is provided on the web site together
with the function F.m defining the r.h.s. of the differential equations. It provides

[Fx, Fy, Fp, Fq] = F (x, y, Γ, p, q).

Note that in F.m the variable x stands for the vector (x1, x2, ..., xNv) and similarly
for y; the variable p stands for (xp1, xp2, ..., xpNp) and q for the corresponding
vector of y−coordinates of the Np fluid particles.

(b) the fourth-order Runge-Kutta scheme.
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3. Test the significance of pre-allocating memory by running the code once with and
without the lines assigning the value 0 to all positions at all timesteps. Run the
Euler code for 50,000 time steps in each case and measure the computation time
using the command cputime. Make sure that you clear all variables before each test
(using clear). For this test you can pick any values (e.g. the same values as in part 5a
below).

4. Validate both codes by comparing their numerical solution with the exact solution
obtained in part 1 (choose Γ = 1, which corresponds to g = [1] in the code). To do
so run the code up to time t = T (Γ) with N = 50, 100, 200, 400, ... time steps (i.e.
∆t = T/50 etc.). Plot the error in xp(T ) as a function of ∆t in a loglog plot. Make sure
that the range in ∆t is large enough to allow you to extract clearly the expected power
law for the error as a function of ∆t. For which range of accuracies is the Euler code
more efficient and for which range the Runge-Kutta code? You can either measure the
computation time using the command cputime or simply keep in mind that compared
to the forward Euler code the Runge-Kutta code requires four times the number of
evaluations of F .

5. Now investigate the dynamics of two vortices using your Runge-Kutta code. Use as
initial conditions (in matlab notation to identify the correct format expected by F.m
and with g denoting the vorticity strength vector for the Γi)

a) x0 = [−1; 1] y0 = [0; 0] g = [1; 1]

b) x0 = [−1; 1] y0 = [0; 0] g = [1;−1]

and use as initial condition for the tracer particle

p0 = [0] q0 = [2].

Run the code to tmax = 200. Describe the motion of the vortices in the two cases.
You may have seen propagating counter-rotating vortices generated in the wake of a
paddle.

6. Since the contributions from the various vortices to the flow fluid superpose linearly
(cf. (1)), the far-field of three vortices that have a total vorticity of Γ = 1 should be
very similar to that of a single vortex with vorticity Γ = 1. Illustrate this by using the
two sets of initial conditions

(a)

x0 = [0;−0.2; 0.2] y0 = [0; 0; 0] g = [3;−1;−1]

(b)

x0 = [0] y0 = [0] g = [1]

and plot the trajectories of the vortices along with that of a particle with initial
condition

p = [0] q = [2].

Use tmax = 20 and ∆t = 0.01.

7. To have some fun explore the dynamics of larger numbers of vortices. What do you
observe for the following initial conditions (run to tmax = 50):

(a) x0 = [0; 0; 0;−0.2; 0.2] y0 = [0; 0.4;−0.4; 0; 0] g = [1; 1;−1; 1;−1]

(b) x0 = [0; 0.4;−0.2;−0.2] y0 = [0; 0; 0.3464;−0.3464]; g = [−1;−0.667;−0.667;−0.667]
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