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In this assignment you investigate the dynamics of the simple swarming model discussed
in class. The motion of each ‘boid’ is given by

dri

dt
= vi

dvi

dt
=

v̄i

|v̄i|
− vi (1)

with the weighted mean velocity v̄i of all boids given by

v̄i =
1

N

N
∑

j=1

e−(rj−ri)
2/∆2

vj . (2)

The distance-dependent weights emphasize the influence of the immediate neighbors of
the boid i at ri. Note that the v̄i do depend on i. To avoid dispersal of the boids we take the
two-dimensional computational domain to have periodic boundary conditions. This has to
be taken into account in computing the weights. It is recommended to use the matlab file
that can be downloaded from the class web site as a starting template. It provides an Euler
code along with useful graphics. You may also find it useful to put the file startup.m from
the web site in your working directory. It provides nicer default values for the graphics.

1. Write a matlab code that solves equations (1,2) for initial conditions (r
(0)
i ,v

(0)
i ) chosen

at random positions within the computational box of size L × L and with velocities
randomly chosen in the interval [−0.5, 0.5]. Include your code in the report and com-
ment it well enough to make it easy to understand. Use

(a) the forward Euler scheme. A sample code is provided on the web site together
with the function F.m defining the r.h.s. of the differential equations. It provides

[Fx, Fy, Fvx, Fvy] = F (x, y, vx, vy).

Note that in F.m the variable x stands for the vector (x1, x2, ..., xN ) and similarly
for y; the variables vx and vy stand for the x- and y- components of the velocities
of all N boids.

(b) the fourth-order Runge-Kutta scheme.

2. Test the significance of pre-allocating memory by running the code once with and
without the lines assigning the value 0 to all positions and velocities at all timesteps.
Run the Euler code for 50,000 time steps in each case and measure the computation
time using the command cputime. Make sure that you clear all variables before each
test (using clear). For this test you can pick any values (e.g. the same values as in
part 3a below).

3. Perform some validating tests.
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(a) For N = 2 choose as initial condition r1 = (5, 0), r2 = (0, 5), v1 = (0.5, 0), v2 =
(0, 0.5) ina box of size L = 10. Use ∆ = 1. Does the final steady state match your
expectation?

(b) Confirm the expected convergence behavior of both codes as you decrease ∆t
by factors of 10−1/3. Use N = 10 and tmax = 10 with the same random initial
configuration for all runs (i.e. initialize the random number generator the same
way in each run) and measure the final value of x1 as a proxy for the whole
final state. Plot the relative difference between successive approximations for
x1, which gives an approximation for the error of the solution, on log-log scales.
Make sure that the range in ∆t is large enough to allow you to extract clearly
the expected power law for the error as a function of ∆t. Can you reach an
accuracy of 10−5 with the Euler code? How small can you make the error with
the Runge-Kutta code? For which range of accuracies is the Euler code more
efficient and for which range the Runge-Kutta code? You can either measure
the computation time using the command cputime or simply keep in mind that
compared to the forward Euler code the Runge-Kutta code requires four times
the number of evaluations of F .

4. Now investigate how this system behaves. For these simulations use either of the
two schemes with a time step that according to your convergence tests gives an error
smaller than ˜10%.

(a) Start with a system size of L = 10 and N = 20 boids with an interaction radius
∆ = 1 and use a number of different random initial conditions. Observe and
describe how the system evolves. Vary L, N , and ∆ by a factor of ∼ 4 and observe
how this affects the systems’ behavior. Can you comment on the reasons for the
behavior?

(b) More realistically, the boids are subject to perturbations from the environment
and also suffer from errors in estimating the flight directions of the other boids.
To get an impression of their influence on the system add random noise T ·ζ with
ζ uniformly distributed in [−1, 1] to the velocity (use the matlab function RAND
to generate ζ) after each temporal update. Normalize the velocity to |vi| = 1after
adding the noise. As a quantitative measure for the amount of alignment of the
boids measure in each time step the order parameter

V (t) = |
1

N

N
∑

i=1

vi(t)|

and plot it as a function of time. For L = 10, ∆ = 1, and N = 50 run the system to
tmax = 50. How does the evolution of V change as you increase the ‘temperature’
T from 0 to 2? For each value of T average V (tmax) of 5 runs with different
initial conditions and different realizations of the noise and plot that average
< V (tmax) > as a function of T . You may want to take 4-5 different values of T .

(c) In some situations the boids may also have a preferred distance to their neigh-
bors. To model such a situation add an interaction force fi to the equation for
dvi/dt in (1)

fi = −
N
∑

j=1

(ri − rj)

(

αe−∆2

ij
/∆2

att − β
e−∆2

ij
/∆2

rep

∆2
ij + δ2

rep

)

with ∆ij being the distance between boids i and j, again taking into account the
periodic boundary conditions (cf. (2)). Use L = 10, N = 100, ∆ = 0.25, T = 0,
α = 0.5, β = 2, ∆at = 2.5, ∆rep = 1.4, and δrep = 0.45. How does fi change the
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behavior of the system? Try a number of different realizations of the random
initial conditions. Can you also find flocks of boids that rotate like a vortex?
For the fun of it increase the system size to L = 50 with the other parameters
unchanged. Describe the evolution of the system.
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