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1. First a theory problem: derive the order of accuracy for the Crank-Nicholson scheme

yn+1 = yn +
∆t

2
(F (yn, tn) + F (yn+1, tn+1))

using the general differential equation

dy

dt
= F (y, t).

2. The goal of this homework is to investigate the disappearance of islands of adsorbed

atoms on a surface using the model discussed in class. Assuming a circular geometry for

the island and its surrounding pit the system is described by

dr0(t)

dt
= κDB(r0, r1)
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with
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ρeq(r1) − ρeq(r0)
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Because during the final stage of the disappearance of the island B diverges exponentially

the evolution becomes extremely fast. An adaptive method should therefore be much more

efficient than one with a fixed time step.

1. As a test problem for using adaptive time steps write a code that solves the differen-

tial equation
dy

dt
= −

1

4y3
y(t = 0) = 1 (3)

with an adaptive Runge-Kutta scheme of fourth order. In each time step estimate the

error using two different time stpes, ∆t and ∆t/2, and use Richardson extrapolation

to improve the order of accuracy of the code.

(a) Calculate the exact solution of (3).

(b) Validate your code by performing a convergence study for tmax = 0.999. You

should be able to obtain an accuracy of at least 10−10. Demonstrate the correct

convergence rate with a log-log-plot of the error vs the maximal and minimal ∆t
used during the computation. Measure the number of time steps used for the

most accurate run.
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(c) Run your fixed-time-step Runge-Kutta method for the same problem. Use the

same number of time steps as in b) and compare the accuracy you obtain with

the two codes.

2. Modify your adaptive RK4-code now for the equations describing the island (1,2). As

initial conditions use r1 = 80 and ro = 15. For the remaining parameters use T = 1100,
D0 = 9 · 1014, C0 = 1.5, K = 0.25, Ef = 0.5, Ed = 3, γ = 0.27, Ω = 8.989, k = 8.617 · 10−5

and

D = D0e
−

Ed
kT ρeq

∞
= C0e

−

Ef

dT

Note: a matlab function1 containing (2) and the parameters is on the class web site.

(a) Validate your code by running it to tmax = 706 and determine by how much

r0(t = tmax) changes when the tolerance is changed by a factor of 2. Plot this

change ∆ro(t = tmax) double-logarithmically as a function of the maximal and

minimal ∆t used during the simulation.

(b) Compare your code with the matlab routine ODE45, which uses a different adap-

tive technique. Instead of solving with two different sizes of ∆t it uses two

schemes with different order of accuracy (4th and 5th ).

i. First do a convergence test of your ODE45 code like you did for the adaptive

Runge-Kutta code in part 2a. To do so, decrease the absolute and the relative

tolerance simultaneously all the way to 10−14. For simplicity choose them

equal to each other.

ii. Plot the computation time of your adaptive Runge-Kutta code and your ODE45

code as a function of ∆r0(t = tmax). Which code is faster2?

3. Use your adaptive Runge-Kutta code to measure the time to collapse of the island. As

a criterion for collapse take r0 = 2, which corresponds rougly to the size of an atom

(units are Angstroms), i.e. the collapse time tf is given by r0(tf ) = 2.

(a) For a temperature T = 1100 plot r0,1(t) and also ∆t as a function of time.

(b) Measure the collapse time as a function of T between T = 1000 and T = 1300 in

increments of 50.

1There the temperature T is set inside the function f.m. It is probably more efficient to move all parameter

assignments from f.m into the main program using a global statement.
2Use the command cputime to measure computation times.
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