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1. Competition between Stripes and Squares
In class we have derived the amplitude equations describing the interaction between two modes
corresponding to stripes along the x- and the y-direction

d

dt
A1 = µA1 −A1

(
|A1|2 + g|A2|2

)
+ . . . (1)

d

dt
A2 = µA2 −A2

(
g|A1|2 + |A2|2

)
+ . . . (2)

(a) Rewrite (1,2) in terms of the magnitudes Ri and the phases φi and compute the linear
stability of the stripes and of the squares as a function of the parameters µ and g.

(b) Show that at most stripes or squares are linearly stable.

(c) For which values of g is neither solution linearly stable?

2. Traveling Waves from the Interaction of Two Steady Modes
Consider the modified Swift-Hohenberg/Kuramoto-Sivashinsky equation as a simple model for a
pattern-forming system,

∂

∂t
Φ = RΦ−

(
∂2

∂x2
+ 1

)2

Φ + a

(
∂

∂x
Φ

)2

− Φ3 (3)

on [0, L] with eriodic boundary conditions.
In this problem we are interested in solutions of the form

Φ = Aeiqx +Be2iqx + C +De3iqx +Ee4iqx + . . . c.c. with q =
2π
L

(4)

in which the modes Aeiqx and Be2iqx destabilize the basic state ψ = 0 simultaneously. Our
goal is to investigate the dynamics arising from the interaction between these two modes.

(a) Using a linear stability analysis of Φ = 0 find parameter values R0 and q0 for which the
growth rates of both Aeiqx and of Be2iqx vanish.

(b) Use translation symmetry to show that after rescaling of the amplitudes A and B their
dynamics is to third order given by

d

dt
A = µ1A+A∗B − a1A|A|2 − b1A|B|2, (5)

d

dt
B = µ2B + sA2 − b2B|A|2 − a2B|B|2 (6)

where s = ±1. Note that s depends on the system from which (5,6) are derived.
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(c) Rewrite (5,6) in terms of magnitudes and phases, A = ρeiθ and B = σeiφ. Show that by
introducing two suitable linear combinations of the phases θ and φ, χ = mθ + nφ and
ψ = m′θ + n′φ, one can reduce (5,6) to three coupled equations for ρ, σ, and χ and one
decoupled equation for ψ.

(d) Show that (5,6) can have a solution in which ρ, σ, and χ are constant in time but ψ evolves
in time. Insert this solution into (4). Why does this solution correspond to a traveling
wave? How does its speed depend on χ?

(e) Since the sign of s plays an essential role in the dynamics of (5,6), use multiple-scale analysis
to determine the coefficients of the terms A∗B and A2 in (5,6) from (3). Do not compute
the cubic coefficients. How do you have to scale the slow time T and the amplitudes in the
expansion (4)? For simplicity take R = R0 and q = q0.

Notes:

• For convection these equations have been derived [1] where also a detailed discussion of
various of their solutions is given.

• The traveling waves have been observed in crystal growth [2] (see Figure) and in Taylor
vortex flow [3]. It turns out that they typically form localized waves in which only some
vortices, say, travel and others remain stationary. The class web page links to the papers.

Figure 1: Space-time diagram of a localized traveling wave in directional solidification [2]. Each
horizontal line denotes the interface at a given time. Within the traveling domain each ‘cell’ drifts to
the right for a while and comes to rest again.
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