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Numerical Solution of Partial Differential Equations

Fall 2004
Hermann Riecke

Problem Set 4 (due Wednesday, November 24)

Consider again the 2-way wave equation

∂tu =
1

ρ(x)
∂xv, ∂tv = ρ(x)c(x)2∂xu (1)

describing waves, e.g. sound waves, in a one-dimensional medium with space-dependent density
and elastic constant (compressibility).

1. Use the (2,2)-MacCormack and (4,4)-Runge-Kutta scheme to study the reflection off a
small inhomogeneity in the density,

ρ(x) = 2 0 < x ≤ 0.3 and 0.32 < x ≤ 1,

ρ(x) = 2.01 0.3 < x ≤ 0.32.

Keep c = 1 throughout this assignment.

Launch a narrow pulse

u(x, 0) = Ae
−

(x−0.5)2

2∆2 , v(x, 0) = Acρe
−

(x−0.5)2

2∆2 (2)

with A = 0.3 and ∆ = 0.005 at x = 0.5 and measure the reflected signal u(x = 0.5, t).
From this signal one can determine the structure of the inhomogeneity. In particular, its
location X and width L are obtained by comparing the delay of the arrival time of the
pulse at x = 0.5 with the known velocity of pulses in this non-dispersive wave equation.
Vary ∆x over a range of values, ∆x = 0.01, 0.005, 0.0025, ..., to determine X and L from
the reflected signal by measuring the timing of the relevant extrema of u(x = 0.5, t). Use
a quadratic polynomial interpolation in time to determine the maxima accurately with a
resolution that is better than that given by ∆t (you can, for instance, use polyfit). For
each scheme, can you achieve 1% accuracy for X and L? Choose λ 5% below the stability
limit and assess the effect of reducing λ to half that value.

Note: Similar methods using ultra-sound waves can be used for the exploration of struc-
tures in the earth (earth quakes, location of oil fields ...) or in the sonography of tissue.

2. Now consider a large jump in the density

ρ(x) = 4 0 < x ≤ 0.36, ρ(x) = 2 0.36 < x ≤ 1. (3)

Start with a pulse of width ∆ = 0.03 at x = 0.5 and evolve it to t = 0.4. How do you have
to choose λ? Decrease ∆x until you achieve graphical accuracy1, i.e. until the plots of
the solutions over the full range of x and u differ only by something like a reasonable line
thickness when ∆x is changed by a factor of 2 . Show this in one plot for each scheme.
Do you notice a difference in the performance of the MacCormack and the Runge-Kutta
scheme? If so, what is its origin?

1Imagine you want to produce an accurate plot for a publication of the solution u(x, t = 0.4).
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