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Problem Set 1, January 8, 2004 due January 21, 2004

1. Projections

Show that the spectral projection operator PNu ≡
∑

N

|k|=0 uke
ikx is indeed a projection operator,

i.e. P 2
N

= PN .

2. Continuous Fourier Transformation

Calculate the Fourier transform of
a) u1(x) = x − π on 0 ≤ x ≤ 2π,
b) u2(x) = x2 + θ(x − π)((x − 2π)2 − x2) on 0 ≤ x ≤ 2π,
by hand (here θ(x) denotes the Heaviside function). Plot the spectral projection PNui(x) together
with the original function ui(x) for representative values of N . In each case discuss where the main
source of the error lies. Discuss the Gibbs phenomenon.

Write a matlab program that calculates the continuous Fourier transform of
c) u3(x) = cosx/(5 − 4 cos x) on 0 ≤ x ≤ 2π,
d) u4(x) = e−0.5(x−π)2 on 0 ≤ x ≤ 2π,
e) u5(x) = tanh(80 cos(x)) on 0 ≤ x ≤ 2π.
Use the command quad and specify the tolerance to be 10−9.
Plot the Fourier coefficients |uk|

2 as a function k (‘power spectrum’). Compare their behavior with
the general arguments about the decay of the mode amplitudes (use both double-logarithmic and
linear-logarithmic plots). For d) you will need to go to N = 96 to get a good idea of the spectrum.

3. Discrete Fourier Transformation via FFT

Calculate the discrete Fourier transform of
a) u0(x) = cos x
b) u1(x) = x − π
c) u3(x) = cosx/(5 − 4 cos x)
d) u4(x) = e−0.5(x−π)2 on 0 ≤ x ≤ 2π,
e) u5(x) = tanh(80 cos(x)) on 0 ≤ x ≤ 2π
using the Fast Fourier Transform fft and use the inverse transform ifft to obtain the spectral
interpolant INu(x). Use a suitable range for the number of grid points (N = 2m with m = 4, 5, 6..).
Confirm that the FFT yields the spectral interpolant by measuring the difference between u(x) and
INu(x) at the grid points.
Plot the power spectrum |uk|

2. Compare the coefficients obtained by the FFT for a given function
for small and large values of N . Should the values of the coefficients be independent of N?
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For b) and c) compare the values from the FFT with the corresponding values from the CFT in
problem 1. For these comparisons plot the coefficients together in a linear-logarithmic plot. What
is the origin of the difference between the two sets of coefficients (if there is any)?
For d) go all the way to m = 14. Can you recognize straightline sections in the log-log as well as
the lin-log plot although the function is periodic and C∞? What is their origin? Can you explain
why there seems to arise a power-law in the dependence of uk on k? What should be its exponent?

4. Derivatives via FFT

Use the FFT to compute the derivative of the functions u0, u3, and u4 in problem 3. Plot the
derivative d

dx
INu for suitable values of N . For u4 consider in particular N = 28 and N = 214.

Can you see any consequences of the Gibbs phenomenon? Could you see a trace of the Gibbs
phenomenon in problem 3d?
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