
446-2 Numerical Solution of Partial Differential Equations
Winter 1997

Hermann Riecke

Problem Set 2, January 27, 2005 due Tuesday February 15, 2005.

In this homework you study two different treatments of the complex Ginzburg-Landau
equation

∂tA = d∂2
xA + aA + c|A|2A (1)

for the complex amplitude A. Note that all coefficients are complex, as well.
Write a Fourier-pseudospectral code for solving this equation with periodic boundary con-
ditions on [0, L]. Transform the system to the interval [0, 2π] (which amounts to rescaling
some of the coefficients). Evaluate the derivatives using the FFT.

For the time stepping use the following schemes

1. Semi-implicit scheme with Crank-Nickolson and Adams-Bashforth (CNAB2),

2. Integrating-factor scheme with time-integration done by 4th-order Runge-Kutta (IFRK4).

To get an easier start you could also first implement a Forward-Euler Scheme (FE).

1 Testing of the Code

Whenever you develop a new code it is very important that you first test whether you
have implemented each term in the differential equation correctly. To do so compare the
numerical solution with some exact analytical solution. Calculate therefore first an exact
steady solution to (1) of the form A = A0e

iqx+iωt with A0 being a real constant. Then test
each scheme by calculating a periodic solution numerically with q = 2π/L, L = 20, and
comparing it with the exact solution in the three cases

d = 1, a = 0.5, c = −1 (2)
d = 1 + i, a = 0.5, c = −1 (3)
d = 1, a = 0.5, c = −1 + i (4)

For this test measure the amplitude A0 and the frequency ω1 obtained with our code and
compare it to the exact solution. The error of the numerical solution in these quantities
should be less than 5%.2

Note: If there is a bug in the code the tests (2,3,4) do not isolate clearly which term is
wrong. To do it would be better to run the following test sequence

d = 0 a = 1 c = 0 (5)
d = 0 a = i c = 0 (6)
d = 0 a = 1 c = −1 + i (7)
d = 1 + i a = 1 c = −1 (8)

1To measure the frequency run the code for 10 periods and measure how long that takes.
2Obviously, even if the code passes this test it is not guaranteed to be correct.
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For tests (5,6,7) you take a spatially homogeneous initial condition, while for test (8) you
take an initial condition of the form A(t = 0) = eiqx, with q = 2π/L and L = 20. For case
(5) the solution grows exponentially and you have to compare the growthrate with that
of the exact solution. In the remaining cases the solution is steady, but not necessarily
time-independent (stationary).

2 Single Soliton Solution

Consider the nonlinear Schrödinger equation (NLS) is obtained from (1) by setting the
real parts of the coefficients to 0, d = −i/2. c = −i, and in addition a = 0. It describes
the propagation of dissipationless, strongly dispersive nonlinear waves, for instance, in a
nonlinear optical fiber. The single soliton

As = λei( 1

2
(q2

−λ2)t+qx)/ cosh(λ(x + qt)) (9)

is an exact solution of NLS for all values of λ and q; thus there is a two-parameter family
of soliton solutions.
Use this exact solution with q = 1 and λ = 1 as initial condition and let it run in a system
of length L = 80 up to t = 10. Monitor the error E2(t) with

E2
2(t) =

∑N
j=1(|Aj − As(xj)|

2

∑N
j=1 |As(xj)|2

. (10)

as a function of time. For one scheme, plot E2(t) (i.e. E2 as a function of t) for one or two
representative values of the number of grid points N . For each of the schemes, CNAB2,
RK4I, make two error plots: one showing E2(t = 10) as a function of N for various values of
∆t and and one showing E2(t = 10) as a function of ∆t for various values of N . Do you find
the expected scaling behavior of the error with N and dt? In particular, can you achieve the
spectral accuracy promised theoretically? Does the numerical round-off error match your
expectations? Choose a suitable scaling of the axes (linear, logarithmic ...) to demonstrate
the behavior of the error.

3 Collision of Two Solitons

Now explore the collision of two solitons in the nonlinear Schrödinger equation employing
one of the two numerical schemes. In a system of length L = 50, use as initial condition two
solitons with λ1 = 0.5, q1 = 0 and λ2 = 1, q2 = 1 located at x1 = 20 and x2 = 40, respectively.
Evolve the system in time up to t = 50 using a reasonable value of ∆t based on sec.2.

1. Increase N by factors of 2 until you achieve ‘graphical accuracy’ at t = 50, i.e. in a plot
of the whole solution at t = 50 increasing N by a factor of 2 makes (almost) no visible
difference (using regular line thickness). Demonstrate it with a graph showing the
solution for two or three values of N .

2. Show one plot of the solitons during their collision. Here and in the following use N
corresponding to graphical accuracy.
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3. Compare the magnitude of the final state (i.e. |A(t = 50)|2) with the initial condition
for a representative value of N ; in particular, compare the shape and amplitude of
the two solutions at t = 50 with their respective initial values by plotting them on top
of each other.

4. Compare the final position of the soliton with parameters λ2 = 1, q2 = 1 with the final
position that it reaches when the other soliton is not present (also at t = 50).

4 Complex Ginzburg-Landau Equation

The complex Ginzburg-Landau equation describes waves in a dissipative medium as, for
instance, in chemical reactions, in convection of (binary) fluid mixtures, or in a large ar-
ray of damped-driven, coupled oscillators (cf. Chemical Oscillations, Waves and Turbulence
by Y. Kuramoto, Spinger 1984). Use a scheme of your choice for a reasonable spatial dis-
cretization and time step to study the evolution of the initial condition (9) with λ = 1 and
q = 1 as initial condition and evolve it with d = 0.02 − 0.5i, a = 0.02, c = −0.05 − i up to
t = 500 for L = 50. What happens to the soliton? How does the system evolve?l
If you want to see a few cool solutions and their temporal evolution have, e.g., a look
at the paper by H. Chaté, Nonlinearity 7 (1994) 183 (go to WWW.IOP.ORG/EJ/TOC/0951-
7715/7/1).
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