
446-2 Numerical Solution of Partial Differential Equations

Spring 2007 Hermann Riecke

Problem Set 1, March 30, 2007 due Monday April 9, 2007

1. Projections

Show that the spectral projection operator PNu ≡
∑

N

|k|=0 uke
ikx is indeed a projection

operator, i.e. P 2
N

= PN .

2. Continuous Fourier Transformation I

Calculate by hand the Fourier transform of

(a) u1(x) = x − π on 0 ≤ x ≤ 2π,

(b) u2(x) = x2 + θ(x−π)((x−2π)2 −x2) on 0 ≤ x ≤ 2π, where θ(x) denotes the Heaviside

function.

(c) u3(x) = e−αx
2

on −∞ < x < ∞.

(d) Plot the spectral projection PNui(x) for i = 1 and i = 2 together with the original

function ui(x) for representative values of N . Discuss the Gibbs phenomenon. Dis-

cuss how the power spectrum |uk|
2 decays with k and why this decay is different in

the three cases.

3. Continuous Fourier Transformation II

Write a matlab program that calculates the continuous Fourier transform
∫ 2π

0 e−ikxu(x) dx
for a function u(x). To do that use the command QUAD and specify the tolerance to be 10−9.

(a) Test your program with u0(x) = cos 2x + 2 sinx and by comparing its result with the

analytical result for u2(x) from 2b.

(b) Compute the continuous Fourier transform for u4(x) = tanh(ξ cos(x)) with ξ = 80.

Go only to N = 25. Plot the spectral projection together with the original function

for N = 23, 24, 25. Discuss the quality of the approximation.

4. Discrete Fourier Transformation via FFT

Use the Matlab function FFT to calculate the discrete Fourier transform. First test your

program using u0(x) = cos 2x + 2 sinx.

Compute the discrete Fourier transform of the functions below and plot their power spec-

trum for N = 24, 26, . . . , 214 using lin-log and log-log scales.

(a) u5(x) = cos x/(5 − 4 cos x),

(b) u6(x) = e−2(x−π)2on x ∈ [0, 2π],

(c) u4(x) = tanh(ξ cos(x)) with ξ = 40 and ξ = 80.

(d) Discuss the results of (a)-(c). Do you obtain power laws or exponential behavior for

the decay of the modes? Why or why not? Do the values uk for a given function

depend on N (i.e. the highest Fourier mode retained)? In (b) compare the result

with the analytical result from 2c. In (c), how does the convergence depend on ξ?
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(e) Use the inverse fast Fourier transform IFFT to obtain the spectral interpolant

INu(x) for u4(x) with ξ = 80. Use a suitable range for the number of grid points

(N = 2m with m = 4, 5, 6..). Confirm that the FFT yields the spectral interpolant

by measuring the difference between u(x) and INu(x) at the grid points. Do you

observe a Gibbs phenomenon?

5. Derivatives via FFT

Use the FFT to compute the derivatives d

dx
INu. Test your code using u0(x) = cos 2x +

2 sin x. Then compute and plot the derivative of u4(x) with ξ = 80 using N = 24, 28, 212.

Can you see any consequences of the Gibbs phenomenon?
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