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1 The Nonlinear Schrödinger Equation

In this homework you will implement a pseudo-spectral code to solve the complex Ginzburg-

Landau equation

∂tA = d∂2
xA + aA + c|A|2A 0 ≤ x ≤ L (1)

for the complex amplitude A. Note that all coefficients are complex, as well. If the coeffi-

cients are purely imaginary the equation reduces to the Nonlinear Schrödinger Equation.

This equation arises generically in the description of weakly nonlinear, non-dissipative

waves. It is a very interesting equation because despite its nonlinearity it allows the exact

solution for any initial conditions: it represents a completely integrable system. Its best

known solutions are solitons, which consist of localized wave packets that travel without

change in shape and, even more remarkably, retain their shape even across collisions with

each other.

For your code use periodic boundary conditions on [0, L]. First transform the system to

the interval [0, 2π], which amounts to a rescaling of the coefficient d. Evaluate the deriva-

tives using FFTs. For the time stepping use the semi-implicit Crank-Nickolson/Adams-

Bashforth scheme (CNAB2),

To get an easier start there will be a template code on the class web site implementing the

Forward-Euler scheme (FE).

Important: to make it easy to use your code later for other projects in this class (and

beyond) make the code modular, i.e. define functions for the time stepping, the initial

conditions, the plotting etc., as it is done in the template code.

2 Testing of the Code

Whenever you develop a new code it is very important that you first test for each individual

term in the differential equation whether you have implemented it correctly. To do so

compare the numerical solution with an exact analytical solution of a simplified equation

in which only one or two terms of the full equation are retained. Such detailed tests are

in particular important for cases in which you do not have an exact solution for the whole

equation.

Calculate therefore first an exact steady solution to (1) for the following test cases,

i) d = 0 a = 1 c = 0 (2)

ii) d = 0 a = i c = 0 (3)

iii) d = 0 a = 1 c = −1 + i (4)

iv) d = 1 + i a = 1 c = −1 (5)
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For tests (2,3,4) take a spatially homogeneous initial condition, while for test (5) take an

initial condition of the form A(t = 0) = eiqx, with q = 2π/L and L = 20. For case (2)

the solution grows exponentially and you have to compare the growthrate with that of the

exact solution. In the remaining cases the solution is steady, but not necessarily time-

independent (stationary).

3 Single Soliton Solution

Consider the nonlinear Schrödinger equation (NLS), which is obtained from (1) by setting

the real parts of the coefficients to 0, d = −i/2. c = −i, and in addition a = 0. It describes

the propagation of dissipationless, strongly dispersive nonlinear waves, for instance, in a

nonlinear optical fiber. The single soliton

As = λei(φ+ 1

2
(q2

−λ2)t+q(x−x0))/ cosh(λ(x − x0 + qt)) (6)

is an exact solution of NLS for all values of λ and q; thus there is a two-parameter con-

tinuous family of soliton solutions with arbitrary amplitudes and arbitrary propagation

speeds.

Use this exact solution with q = 1, λ = 1, φ = 0, and x0 = 40 as initial condition and let it

run in a system of length L = 80 up to tmax = 2. Monitor the error E2(t) with

E2(t) =

(

∑N
j=1(|Aj(t) − As(xj , t)|

2

∑N
j=1 |As(xj , t)|2

)

1

2

. (7)

as a function of time.

1. Plot E2(t) (i.e. E2 as a function of t) for one or two representative values of the number

N of grid points.

2. Compute E2(t = 2) for a range of N , N = 48, 60, 80, 100, 128, 160, 192, . . . and

∆t = tmax/nt with nt = 25, 26, 27, . . . Increase the resolution in space and time until

the accuracy does not improve any more. Since the high-resolution runs will take

quite a while and since you need to plot the same date in a number of different ways

it is better to write the data to a file and then use a plotting program like XMGRACE

to plot those data 1.

3. Plot E2(t = 2) as a function of ∆t for all values of N .

4. Plot E2(t = 2) as a function of N for all values of ∆t. Make two plots, one with log-log

and one with lin-log scales.

5. Do you find the expected scaling behavior of the error with N and dt? In particular,

can you achieve the spectral accuracy promised theoretically? Does the numerical

round-off error match your expectations? Choose a suitable scaling of the axes (linear,

logarithmic ...) to demonstrate the behavior of the error.

1
XMGRACE is a very easy to use, powerful graphics program that allows to make good graphs in no time.
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4 Collision of Two Solitons

Having confirmed the correctness of your code, explore now the collision of two solitons in

the nonlinear Schrödinger equation and a non-integrable perturbation of it. In a system of

length L = 80, use as initial condition two solitons with λ1,2 = 1, q1 = −0.5 and q2 = 0.5
located at x1 = 20 and x2 = 60, respectively. Evolve the system in time up to tmax = 60. By

varying ∆t and N make sure that your observations are not due to numerical errors.

1. Compare the final states that you obtain for three different phases φ1 = 0,±π/2 with

φ2 = 0 fixed. Do the final states differ significantly from each other? Do they depend

noticeably on the phase φ1? Is the final amplitude or shape of the solitons changed

by the collision? Demonstrate your findings with plots of the final states. Plot also

space-time diagrams of the evolution by forming the array A(xi, tn) for i = 1..N and

128 equally spaced values 0 ≤ tn ≤ tmax and plotting this array with the matlab

command IMAGESC (note that the command SURF often gives spurious white or black

lines). Comment on the velocity and position of the two solitons before and after the

collision.

2. Now extend the nonlinear Schrödinger equation by adding a small perturbation that

makes the equation non-integrable,

∂tA = d∂2
xA + aA + g3|A|2A + g5|A|4A, (8)

with g5 = −0.1i. Repeat the collision runs of the two solitons with φ1 = 0,±π/2
and φ2 = 0 fixed. Discuss the final states you find, in particular in comparison with

the integrable case g5 = 0. Demonstrate your findings with plots of the final states.

Again, plot space-time diagrams for the three cases and use them to comment on the

difference between these runs and those for the integrable case, g5 = 0.
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