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1. Chebyshev Approximation for Derivatives Using FFT

Write a program that calculates the derivative of the functions fi(x) below using the pseudospectral Chebyshev
approximation. Thus, the program should expand f(x) in Chebyshev modes using an FFT, calculate the
Chebyshev coefficients for the derivative using the recursion relation, and then transform back to real space
using the FFT. Make sure you are using the natural ordering with x0 = −1 and xN = +1 and multiply the
Chebyshev coefficients appropriately. First test your program - without any write-up - using the Chebyshev
polynomials T0, T1, and T2. For the Ti you know the exact transforms, which should aid you in debugging
your program.

For the functions fi measure the maximal error of the approximation, i.e. max{∂xIN (f(xi))− ∂xf(xi)}, for
an increasing number of grid points (using N = 2n) until the accuracy is only limited by round-off errors.
Show the error in a linear-log plot and compare the convergence rates for the various cases.

(a) Use f1(x) = sin(20x).

(b) Use f2(x) = tanh((x− x0)/ξ) with

i. x0 = 0, ξ = 1,
ii. x0 = 0, ξ = 0.01,
iii. x0 = −0.9, ξ = 0.01.

Interpret the difference in the convergence properties of these three cases.

2. Matrix-Multiply Technique for Derivative

Now calculate the derivative using the Chebyshev derivative matrix Dij .

(a) Implement the matrix D without explicitly enforcing the row sum to vanish.

(b) Implement the matrix D with enforcing the row sum to vanish1.

(c) For case 1bii), compare the accuracy of the results using the matrix-multiply approach (using both
matrices D) with those obtained using the Fourier transforms.

1If you are interested in more details about round-off errors arising in this method, look into J. Comp. Phys. 116 (1994) 380.
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